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Summary of Thesis
This thesis examines how skill premium movements can be explained by productivity
shocks and how these can be explored within macroeconomic models. Chapter 1 uses struc-
tural VAR models to identify shocks model skill premium responses in US data, while chapter
2 estimates a Dynamic Stochastic General Equilibrium model in the same data to explain
the skill premium movements. Chapter 3 expands the model to include household educa-
tion decisions, estimating a Dynamic Stochastic General Equilibrium model in UK data and
simulating the impact of fiscal policy on welfare and inequality.
Existing literature modelling the skill premium has relied on the assumption that pat-
terns are caused by skilled labour being a relatively stronger complement to capital inputs
than unskilled labour; the Capital-Skill Complementarity Hypothesis. However, recent stud-
ies have found that this assumption is not supported in data. In chapter 1, structural VARs
are used to test whether Capital-Skill Complementarity can be rejected by the data, finding
that the results cannot reject the hypothesis.
While Dynamic Stochastic General Equilibrium models including the skill premium have
been used in the existing literature, these models do not estimate parameters from data.
Chapter 2 estimates a model in US data to find parameter values and compare the perfor-
mance of alternative specifications. The results suggest that the current calibrations used in
the literature are too conservative and that the standard model is outperformed by an alter-
native specifications, although still retaining the Capital-Skill Complementarity Hypothesis.
In chapter 3, the model is expanded introduce household education spending decisions
and is estimated using UK data. The findings here reject the Capital-Skill Complementarity
Hypothesis. Using this model, fiscal policy changes are simulated, finding that distortionary
taxes reduce overall welfare but increases in educational spending subsides and reductions
in unskilled wage taxes can be used to reduce inequality.
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Thesis Introduction
Explaining the movement of the wages of skilled labour relative to unskilled labour, termed
the skill premium, over the business cycle has long been an area of interest in macroeco-
nomics. First examined by Griliches (1969), the literature looked to explain how technologi-
cal advances would impact types of labour based on their ability to adapt to new innovations,
with skilled labour earning more from being able to complement the new capital. These find-
ings were supported in following works by Fallon and Layard (1975) and Hamermesh and
Grant (1979).
The skill premium literature developed out of these initial explorations following pat-
terns observed in the US graduate market later in the 20th Century. Katz and Murphy
(1992) and Goldin and Katz (2007) provide overviews of how the market for graduates saw
increased earnings relative to non-graduates despite simultaneous large growth in the supply
of graduates in the US. These observations were proposed to be the result of “non-neutral”
technology shocks that affected inputs differently and change the relative demand for types
of labour. These mostly focused on long run technological changes affecting skilled labour,
discussed in Bound and Johnson (1992) and Prasad (1996), and those affecting investment,
discussed in Gordon (1990) and Greenwood et al. (1997).
Motivated by the labour market observations and the evidence presented for the existence
of non-neutral shocks, Krusell et al. (2000) proposed the use of differential labour shocks
and substitutability between types of labour to model the patterns within a macroeconomic
framework. This became the standard approach used in the skill premium literature, ex-
plaining the long run movements in the skill premium as the result of differentiated shocks
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on skilled labour, unskilled labour, and investment in equipment capital.
While Krusell et al. (2000) provides the methodology to incorporate these effects into
macroeconomic models, the literature that has followed on from these foundations has largely
relied on calibrations and specifications proposed by the long run model, rather than devel-
oping estimates at business cycle frequencies. Furthermore, recent data, especially after the
financial crisis and in other countries, demonstrates patterns that are not in keeping with the
observations seen during the late 20th Century. This thesis uses this established method-
ology to estimate models in the short run using data, and tests their performance against
alternative specifications to provide microfounded evidence for the models and whether the
theories incorporated into the long run model can be supported in the short run.
A core assumption in the original literature is the Capital-Skill Complementarity Hy-
pothesis. First outlined in by Griliches (1969), the hypothesis states that skilled labour is a
stronger complement to capital than unskilled labour. This theory has been key to the skill
premium literature and is implicit in the Krusell et al. (2000) model, as it increases demand
for skilled labour relative to unskilled labour following technology shocks, explaining how the
skill premium could increase despite growing supplies of skilled labour. However, recent work
by Balleer and Van Rens (2013) has claimed that the hypothesis is not supported in US data.
Chapter 1 therefore estimates structural VARs to find whether the evidence from more
recent data can be used to reject the Capital-Skill Complementarity Hypothesis. The results
show that the hypothesis cannot be rejected in the data, finding that the cyclical properties
of the skill premium can be found as a result of biased technology shocks. These results not
only establish the necessity of using a model that differentiates the types of labour inputs,
but provides data that can be used in further research to test other aspects of the literature.
Chapter 2 applies data to a Dynamic Stochastic General Equilibrium models, following
the approach used by Lindquist (2004), to provide microfounded estimates of key model
parameters and test the proposed relationships between inputs. Using Bayesian Methods,
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an RBC model featuring differentiated labour inputs and Capital-Skill Complementarity is
estimated using US data and finds that the calibration values proposed in the existing lit-
erature are too conservative, with data suggesting more extreme complementarity between
skilled labour and capital and greater substitutability between unskilled labour and capital
than is common in the literature.
The chapter goes on to consider a number of alternative specifications, testing their per-
formance at matching data against the standard approach in the literature. The chapter
concludes by demonstrating that alternative arrangements of the production function per-
form better in data. The results show that at business cycle frequencies all inputs should
be complements, although skilled labour should still be a stronger complement to capital in
accordance with the Capital-Skill Complementarity Hypothesis.
The final chapter extends the analysis using mechanisms described in Angelopoulos et al.
(2015) to address three areas. Firstly, does expanding the household decision to include ed-
ucation spending decisions change the performance of the model? Secondly, are the findings
seen in US data replicated when using UK data, which exhibits a declining skill premium
since the 1990s? Thirdly, how does fiscal policy affect welfare and inequality outcomes in this
model? The chapter shows how education spending by households explains skill premium
movements, with shocks increasing the cost of education being instrumental in the model.
The results also reject the Capital-Skill Complementarity Hypothesis in UK data, sug-
gesting that the standard approach in the literature cannot be applied to models of the UK,
as has been done previously in the literature. Finally, the chapter simulates the impact of
fiscal policy changes, including differentiated skilled and unskilled wage taxes, on welfare and
inequality. The key finding of the analysis is that inequality can be reduced for decreases
in unskilled wage taxes and increased education subsidy, but increases in skilled wage taxes
from the rate calibrated in the model increases inequality.
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Chapter 1
Skill Premium Cyclicality and
Capital-Skill Complementarity
1.1 Introduction
A conventional belief in microeconomics is that skilled or educated labour acts as a stronger
complement to capital equipment inputs than unskilled (or uneducated) labour. This finding,
first identified by Griliches (1969) has been widely verified since in further microeconomic
works and applied across various areas of literature to explain inequalities in wages.
Following the 1980s, macroeconomic research into technology shocks has found that the
majority of technical progress has applied to skilled labour relative to unskilled labour. This
has been used to explain the simultaneous increases in the supply of skilled labour and wages
skilled workers earned relative to unskilled workers - the skill premium. Haskel and Slaugh-
ter (2002), Violante (2008), and Jones and Yang (2016) utilise models with heterogeneous
labour inputs and Skill Biased Technical Change (SBTC) to explain the growth of the skill
premium, and resulting wage inequality, prior to the 2008 Financial Crisis.
While evidence for both existed, the complementarity between skilled labour and capital
equipment was not necessary for the skill premium to exist. Katz and Murphy (1992) and
Autor et al. (2008) use production technologies without capital and featuring labour sub-
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stitutability to generate skill premiums found in empirical analysis. However, evidence that
periods of skill premium growth coincide with the declining price of capital equipment and
investment, as shown in DiCecio (2009), along with the microeconomic evidence of Capital-
Skill Complementarity, suggest that movements in the skill premium have a complementarity
association with capital.
The Capital-Skill Complementarity literature (Heckman et al. 1998; Krusell et al. 2000;
Lindquist 2004; Goldin and Katz 2007) introduce SBTC in a production function that uses
two labour inputs; skilled labour and unskilled labour. In these production technologies,
skilled labour acts as a stronger complement to capital than unskilled labour, allowing skill-
augmenting technology shocks to generate business cycle movements in the skill premium,
as well as increases in the supply and demand of skilled labour. These findings, as well as a
wealth of microeconomic evidence, suggest this approach to be sound.
However, Balleer and Van Rens (2013) find that the implications of the theoretical model
do not match with empirical analysis. In their study of US data, they use Vector Autore-
gression (VAR) models to estimate how the skill premium responds to biased and neutral
technology shocks. Their findings suggest that Capital-Skill Complementarity in aggregate
production is not supported. The results, which are discussed more fully later in this chap-
ter, find the movement of the skill premium to be acyclical at best, suggesting that it is not
related to technology shocks driving the business cycle. The rejection of complementarity
in this critique, along with the labour market developments that have occurred since, show
that further work is necessary to understand the movements of the skill premium, and the
relation between skilled labour and capital inputs.
This chapter aims to extend Balleer and Van Rens (2013) to cover recent developments
in the labour market, reconcile the findings of Balleer and Van Rens (2013) with the Capital-
Skill Complementarity literature, and to explain the post-crisis labour market. The first step
therefore is to extend the Balleer and Van Rens (2013) analysis beyond 2006 to capture more
recent data and examine how the results develop in the new sample. With the results of this
19
empirical analysis, the next step would be the estimate the parameters of the theoretical
DSGE model to investigate the extent to which it could explain the cyclicality.
Section 2 examines the existing literature related to this topic. In section 3, I will discuss
the data used in extending the sample, outlining its source and construction. Section 4 out-
lines the VAR methodology, which will closely follow that of Balleer and Van Rens (2013).
Section 5 presents the results of this chapter and compares them to previous findings. The
final section summarises the findings and discusses future work.
The results produced in this chapter supports the Capital-Skill Complementarity Hy-
pothesis. In a two-sector economy producing consumption and investment goods, a positive
Investment-Biased Technical Change causes a positive and significant change in the skill pre-
mium. These results are found to be sensitive to the measure used for the price of investment
and the length of the sample. The results found in the rolling window analysis show that
responses differ across the sample, with the total hours response switching between positive
and negative in early windows in response to all but the Skilled-Biased Technology (SBT)
Shock.
1.2 Literature Review
The notion of the skill premium and the idea of Capital-Skill Complementarity were both
first discussed by Griliches (1969) in an examination of US manufacturing industries. The
work develops the key concepts at the heart of the literature. Firstly, it describes a 3-input
model utilising skilled labour, “raw” (unskilled) labour, and physical capital, where skilled
labour is shown empirically to act as a stronger complement to physical capital than raw
labour. Secondly, it demonstrates the existence of a skill premium that exists due to the
different degrees of substitutability of labour inputs, where the (log) ratio of wages of skilled
and raw labour. Finally, it proves that schooling can be used as a measure of skilled workers,
using categories to split workers into skilled and unskilled. These findings have been central
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to the skill premium literature that followed.
Since this initial work, a number of studies have investigated the existence of the skill
premium and Capital-Skill Complementarity. Early works by Fallon and Layard (1975) and
Hamermesh and Grant (1979) performed empirical analysis on the substitution parameters,
with results that supported the complementarity hypothesis.1
The comparative advantage held by skilled labour in adapting to new innovations during
the technology revolution has been widely used to explain the growth in the skill premium
and resulting inequality within the microeconomic literature. Bartel and Lichtenberg (1987)
estimated labour demand equations based on data from the US manufacturing sector, find-
ing that technology developments were “non-neutral” and benefited skilled labour that was
able to adjust faster to utilise the new capital.
Goldin and Katz (1998) find similar proof of Capital-Skill Complementarity, again exam-
ining the US manufacturing sector, as do Katz and Murphy (1992), Acemoglu (1998), Autor
et al. (1998), and Autor et al. (2003) in similar analysis on wider data sets. Such findings of
increased demand for skilled labour due to “non-neutral” technology developments fits with
macroeconomic literature establishing the importance of Skilled-Biased Technical Change
(SBTC) in explaining economic growth post-1980, as discussed in Prasad (1996), Acemoglu
(1999, 2002), Caselli (1999), Greenwood et al. (2000), and Haskel and Slaughter (2002).
These findings have been further supported by more recent microeconomic panel data
analysis (Duffy et al. (2004), Frey and Osborne (2017)), and the Capital-Skill Complemen-
tarity Hypothesis has been used to study other effects such as labour emancipation (Ashraf
et al. (2018)), Intergenerational Mobility (Abbott and Gallipoli (2017)), Emerging Economies
(Wang and Ma (2017), Raveh and Reshef (2016)), and gender inequality (Bailey et al. (2012),
1Fallon and Layard (1975) note that ‘if the supply of educated people is always such that the rate of
return to education and human capital are in fixed proportion, human capital per head will grow faster than
physical capital per head and the share of physical capital in national income will fall’ (p. 281), which may
be a useful investigation to pursue in recent data.
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Beaudry and Lewis (2014)).
Goldin and Katz (2007), and Jones and Yang (2016) utilised an additional supply struc-
ture to expand the existing demand-focused work. Using census data, both show that a
slowdown in the growth of the supply of skilled workers from institutional changes in the
1970s can explain why the skill premium growth rate increased after the 1980s. The results
of these studies clearly demonstrate that while SBTC can be used to explain the growth
seen in the economy during the technology revolution, a supply structure is necessary in
understanding the movement of the skill premium during the same time.
The results of these studies are brought together in a series of theoretical models (Green-
wood et al. (1997), Krusell et al. (2000)) that combined a technology shock that reduced
the price of capital (Gordon (1990), DiCecio (2009)) with the Capital-Skill Complementar-
ity Hypothesis to create models replicating the premium movements seen in the data. In
keeping with previous evidence, these works used Constant Elasticity of Substitution (CES)
aggregate production functions with Skill-Neutral Technology (SNT) and SBT shocks to
explain the majority of post-war fluctuations. Later work by Stokey (2018) examined how
changes in the elasticity of substitution could be used in models with more sectors to explain
wage, hour, and skill premium movements in different industries.
Studies investigating the empirical properties of Capital-Skill Complementarity highlights
some deficiencies in the theoretical models. Lindquist (2004), who uses the Krusell et al.
(2000) production function in his analysis, shows that the volatility and cyclicality of the
skill premium cannot be replicated without the complementarity structure. However, he does
highlight poor performance elsewhere, with more volatility in skilled hours, less volatility in
skilled wages and more procyclicality in the underlying wage series than is seen in the data,
suggesting that an enriched model may resolve this. Hara et al. (2014) use a Krusell et al.
(2000) style production function to explain skill premium movement in Japanese data from
1975:I to 1995:IV. Their model, which features a manufacturing and a non-manufacturing
sector, estimates the substitution parameters for each sector and finds significant differences
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between the two sectors. They conclude that varying elasticity across heterogeneous sectors,
so as to weaken the complementarity relationship, is needed to explain declines in the skill
premium. The finds of studies using capital and differentiated labour inputs to estimate
elasticities of substitution are summarised in Appendix 1.1.
However, a damning critique of the theoretical model of Capital-Skill Complementarity is
found in Balleer and Van Rens (2013), who use empirical VAR analysis to reject the notion
of Capital-Skill Complementarity. Studying US data for 1979:I – 2006:II, they find that
an investment-specific technology shock reduces the skill premium, suggesting that skilled
labour and capital would be substitutes in this production function. They also find that
hours worked fell following SBTC due to compositional changes in labour demand, which
is at odds with results shown in Gali (1999). The work suggests this may be the result of
technological improvements in capital to perform the roles of skilled labour across the last
20 years.
This critique presents something of a puzzle in the literature, using empirical evidence
to disprove theoretical models designed to replicate the findings of a large literature that
supported the Capital-Skill Complementarity Hypothesis. Therefore, this chapter will look
to extend the analysis of the Balleer and Van Rens (2013).
The main finding of this chapter is that the data suggests the skill premium has a positive
and significant response following an Investment-Biased Technical Shock, which contradicts
the findings in Balleer and Van Rens (2013). Results also suggest that VAR responses are
affected by the measure used for the price of investment. From the rolling window analysis,
the premium response to an Investment-Biased Technical Shock, whilst always positive, is
shown to vary across the sample period. However, the response of total hours to many of
the shocks, including the Investment-Biased Technical Shock, is shown to change drastically
across the windows, switching from positive to negative.
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1.3 Data Description
1.3.1 Microeconomic Data Series
The data used in this chapter is collected to follow the methodology outlined by Balleer and
Van Rens (2013) and in Haefke et al. (2013). Calculating the skill premium, relative employ-
ment of skilled labour, and wage series uses microeconomic data sourced from the Current
Population Survey (CPS) Outgoing Rotation Groups (ORG) in the USA. This data is used
to create micro data series of quarterly observations running from 1979:I to 2016:IV. Other
works have used the March Supplements to include observations from the 1950s onwards.
However, this data is only reported annually, while the CPS ORG data can be used to give
quarterly observations and so is preferred.
Wages are usual hourly earnings, corrected for top-coding in the individual data, and cov-
ering wage and salary workers between 16 and 64 years old in the private, non-farm business
sector, and is weighted by the CPS-ORG sample weights as well as hours worked. Education
is reported in five categories (less than high school, high school degree, some college, college
degree, more than college). Experience is reported in 5 ten-year experience categories. An
average quarter will feature around 35,000 individuals.
To create the wage series for the analysis, Balleer and Van Rens (2013) first identify indi-
vidual households in the CPS data using observations for months in sample, state, household
identifier, household serial suffix, household replacement number, and line number, which is
used to create quarterly observations of individuals. These identifies are then matched to a
series of wage, hours, and job type variables to create the microeconomic data on individuals.
Balleer and Van Rens (2013) measure earnings using the hourly earnings if an individual
is an hourly worker, excluding overtime, tips and commission payments (earnhre), and a
top-coded wage series of hourly and non-hourly workers, including overtime, tips and com-
mission payments (w ln ot). Following the Center for Economic Policy Research (CEPR)
database update in 2015, these two series, along with around 25 other wage series, were
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no longer reported, with the CEPR instead reporting four new wage series: wage1, wage2,
wage3, and wage4. To extend the sample therefore, the new wage series had to be used in
place of the discontinued variables.
To replace ’earnhre’, wage1, which gives hourly earnings for workers paid by the hour,
excluding overtime, tips and commissions, has been used. This is a straight-forward replace-
ment since wage1 was created from the ’earnhre’ variable and has the same definition.
To replace ’w ln ot’, wage4, which reports usual hourly earnings including overtime, tips
and commissions for hourly and non-hourly workers, has been used. For data prior to 1994,
this data series uses estimates for the overtime, tips and commissions based upon differences
between the weekly pay and the implied weekly pay.2
Observations in the CPS-ORG sample are collected monthly, so households are matched
across time by identifying numbers reported in the data, and merged to form the quarterly
data. The merging process categories labour measures of level of schooling, broad job in-
dustry sector, and occupation before controlling years of schooling, industry, marital status,
race, experience, and gender. It also checks the consistency of data, removing observations
with missing, incorrect, or inconsistent data.
Following a change in CEPR reporting, GESTCEN, the state identifier from the Census
state code, is no longer reported. This was the variable used in Balleer and Van Rens (2013)
to identify the state a household was located in and used for consistency checks. Therefore,
GESTFIPS, the Federal Information state code, is used here to identify households. When
merging observations, this leads to a mild increase in the number of households dropped for
inconsistent measures of identification. However, it does not significantly impact the number
2An alternative approach considered was to use wage3, which is a combination of hourly earnings for
hourly workers excluding overtime, tips and commissions (wage1), and usual hourly earnings for non-hourly
workers, including overtime, tips and commissions (wage2). This series is regarded as a more consistent
measure by the CEPR but omits the overtime, tips and commissions payments for hourly workers that are
included in the original data, and which are estimated in wage4. Therefore, wage4 is used as the replacement
variable.
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of households in the sample, or have any significant change in the series.
The data is collected following the sources outlined by Balleer and Van Rens (2013) so
as to extend the period covered while using comparable series. Quarterly series for the skill
premium and relative hours worked, and for the supply of skill using individual wage and
education data are constructed from the CPS outgoing rotation groups, running from 1979:I
to 2016:IV.
The skill premium uses the log wage differential between college graduates and high
school graduates, the relative employment of skilled workers, the log ratio of the number
of college graduates and high school graduates employed in the private non-farm business
sector, and the relative supply of skill uses the log ratio of the number of college graduates
and high school graduates in the labour force. These series control for gender, education
and experience categories. These controls are important for correctly pricing skill in the
labour market, as movements within the ‘skilled’ and ‘unskilled’ groups are also controlled
for. Balleer and Van Rens (2013) give an example of how these controls would mean than
an increase in masters degrees would increase the relative supply of skill, but not the skill
premium, since it is a change in education within the skilled worker category, compared to
a na¨ıve measure, which would report an increase in the skill premium.
To ensure that the series calculated were consistent with those used in the original work,
the correlation coefficient for each variable is calculated. This compares a total of 457 se-
ries including every measure of skill premium, relative employment, log low skilled worker
wage, and fractions and average log wage for subgroups, for all different weights, subsam-
ples, and control method. Across all variables, the lowest correlation coefficient between the
Balleer and Van Rens (2013) data and the new covering 1979:I-2006:II is 0.995293 (series
f ew 1x2x35 popu), with an average correlation coefficient of 0.999741. Comparing the first
difference of the series, these correlations become 0.975936 (w hwp 1x3x5 priv) and 0.996886
respectively.3 This suggests that the extended sample shares the same properties of the orig-
3f ew 1x2x35 popu gives the fraction of workers in entire population that are female, with high school
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inal sample.
1.3.2 Macroeconomic Data Series
Other data series are collected at national level and are reported with quarterly frequency.
Output, productivity, and total hours worked are non-farm business values indexed at 2009,
reported in the Bureau of Labor Statistics (BLS) Major Sector Productivity and Costs pro-
gram.4
Balleer and Van Rens (2013) also uses per capita hours measurement, but this has proven
to be difficult to locate the exact series used or replicate exactly the original series using
published data. This will be considered further when discussing the specifications of the
models, but per capita figure can be estimated using the Civilian non-Institutional Popu-
lation of 16 years and over monthly data reported in the Federal Reserve Economic Data
(FRED) database (as per Cantore et al. (2017)).5 Comparing the correlation coefficient of
the per capita series between the original data and these estimates, they are shown to be
highly correlated, with a coefficient of 0.9982. Therefore, this estimate will be used for the
per capita figure.
Appendix 1.2 shows the data series for the skill premium, total hours worked, relative
employment of skilled workers, relative supply of skilled workers, and wages of low skilled
workers. The red line gives the series from Balleer and Van Rens (2013), covering 1979:I to
2006:II, while the black line gives the series covering 1979:I to 2016:IV. The series have been
adjusted for seasonality using the X-12 ARIMA process.6
degrees, and 30-40 years of experience, using simple average CPS earning weights. w hwp 1x3x5 priv gives
the average log wages for workers in private non-farm business sector in CPS that are female, with some
college education, and 0-10 years of experience, using predicted values from a mincer regression.
4Output BLS Series ID: PRS85006043; Productivity BLS Series ID: PRS85006093; Total Hours Worked
BLS Series ID: PRS85006033.
5FRED ID: CNP16OV.
6Following the methodology in Balleer and Van Rens (2013), the X-12 adjustment has ARIMA (4,1,1)
specification, using 4 autoregressive components and 1 moving average component for an integrated order 1
series, and the Seasonal ARIMA (1,1,1), using 1 autoregressive components and 1 moving average component
for an integrated order 1 series.
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1.3.3 Price of Capital Series
The relative prices of capital equipment and investment, as described by DiCecio (2009), are
collected from Federal Reserve Economic Data (FRED) Sticky Wages and Sectoral Labor
Comovement, published by the St. Louis Federal Reserve. The Relative Price of Invest-
ment Goods (PIRIC) is calculated as the Investment Deflator (INVDEF) divided by the
Consumption Deflator (CONSDEF), which is the deflator for Personal Consumption Expen-
diture (PCE) Nondurable Goods and PCE Services. Real Investment (RINV) is Nominal
Investment (NINV), sum of nominal GDPI Fixed Investment and PCE Durables, divided by
INVDEF and multiplied by 100. The Relative Price of Equipment (PERIC) is calculated as
the Equipment Deflator (EDEF) divided by CONSDEF. All series are reported quarterly,
seasonally adjusted, and indexed to 2009, with RINV reported in Billions of Chained 2009
Dollars.
In the original Balleer and Van Rens (2013) dataset, the price of equipment uses the Rel-
ative Price of Equipment and Software (PERICD), which is calculated using the Equipment
and Software Deflator (ESDEF) divided by CONSDEF. This series was discontinued in 2011
and was replaced with PERIC and EDEF. The discontinuation of these series occurred in
the National Income and Product Accounts (NIPA) comprehensive revision in 2013, where
software was reclassified from equipment to intellectual property products, which was intro-
duced as a new category of fixed investment. PERIC uses downwards revisions of PERICD
by subtracting the reallocated totals.7 This is problematic as PERIC and EDEF have lower
correlation coefficients than the discontinued PERCID and ESDEF series. For the (first
differenced) equipment deflator, discontinued series has a correlation coefficient of 0.9976 in
Balleer and Van Rens (2013), while the currently reported series only has a correlation of
0.8911. For the price series, also first differenced, the correlation coefficient with the discon-
tinued series is 0.9997 compared to 0.7556 in the reported series.
7Full NIPA revisions are discussed in McCulla et al. (2013). The series associated with fixed investment
in Intellectual Property Products are also available from FRED.
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The correlations reported, while not weak, are noticeably different from 1, and much
weaker than seen in other series. On the other hand, the investment series are far more sim-
ilar. This is because the same series has been continued to be reported, so the investment
deflator has a correlation coefficient of 0.979 while the investment price has a coefficient of
0.9410, again both in first differences. This will be considered when discussing the specifi-
cations and the results.
While the relative price of investment goods is used to identify investment shocks in this
paper, this approach has been criticised in the literature. Basu and Thoenissen (2011) show
how when international trade is considered, total factor productivity shocks in other coun-
tries can similarly affect the price of capital, making the identification of shocks difficult. The
only exception to this is when home bias in consumption is equal to home bias in investment.
While this relationship is not explored in this model, Ben Zeev and Khan (2015) show that
the correlation between investment news shocks and terms of trade changes is 0, with the
news shock accounting for most of the movement in the economic cycles. This suggests that
the majority of the movement in price is caused by shocks to investment.
Other literature studying the role of biased technical change has expanded the analysis
beyond just differentiated labour in recent work. A number of papers (Krusell et al. 2000;
Lindquist 2004; Maliar and Maliar 2011; McAdam and Willman 2018) use differentiated
capital, separating it into structural and equipment, in addition to differentiated labour.
Furthermore, recent papers (Gourio and Rudanko 2014; Roth and Thum 2013; Gornig and
Schiersch 2017; Goodridge et al. 2013) have proposed the use of intangible capital to incor-
porate firm investment in R& D. These extensions, while outside the scope of this paper,
progress the field of research as they expand on the technological revolution that motivated
the work beyond the inclusion of a productivity shock. However, this paper does not expand
the existing model using these extensions, instead focusing on the data and identification
strategy of the model.
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1.4 VAR Methodology
This section outlines the approach taken in the chapter to examine the empirical evidence on
the skill premium. Firstly, the theoretical foundations from the literature will be discussed,
looking at how biased and neutral technology shocks appear in the production function, and
how the skill premium is predicted to act from the theoretical framework.
Secondly, the VAR identification process undertaken in Balleer and Van Rens (2013) will
be explored. Finally, the specifications for the VAR analysis will be described. This will use
extended series from Balleer and Van Rens (2013), but also address differences in the series
currently available for this analysis.
1.4.1 VAR Identification Methods
Estimating the VAR in this chapter utilises structural VAR (SVAR) approaches, such as the
methods outlined in Kilian and Lu¨tkepohl (2017). This is used to reduce the dimensionality
of the parameter space and improve inferences that can be drawn from estimations. This
section, following Kilian and Lu¨tkepohl (2017), will outline the SVAR approaches used and
how it is applied to identify the shocks in this chapter. The form of the SVAR(p) model is
given,
β0yt = β1yt−1 + ...+ βpyt−p + t,  i.i.d.(0, In) (1.1)
where yt is a n × 1 vector of demeaned observable series, βi for i = 0, ..., p is a n × n
matrix of parameters, and t is a n × 1 vector of white noise process shocks. It is assumed
that these shocks are distinct so that the variance-covariance matrix is full rank (Σ = In),
and that there are not fewer than n structural shocks. Expressed in reduced form, the model
becomes,
yt = A1yt−1 + ...+ Apyt−p + ut (1.2)
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where Aj = β
−1
0 βj∀j = 1, ..., p and ut = β−10 t is an n × 1 vector of residuals, with
E(utu
′
t) = Σu = β
−1
0 Inβ
−1′
0 . Therefore, specifying β0 gives the relationship between shocks
and observable variables. The estimations in this chapter use two approaches to identify the
elements of β0: long run restrictions, and sign restrictions.
In the long run restrictions approach to identifying elements of β0, the structural shocks
are identified by assuming that certain shocks have no long run effects on certain variables.
This assumption states that while short run fluctuations may occur due to these structural
shocks, at long run frequencies, these elements of β0 can be set to 0. Defining B(L) =
β0−β1L− ...−βpLp, with L as the lag order of the dependent variable, the SVAR(p) model
becomes,
B(L)yt = t
yt = B(L)
−1 = Θ(L)t (1.3)
This means that the long run effects are contained in Θ(L). Under long run restrictions
that state that certain structural shocks have non effect in long run on a variable, the elements
θij of Θ are set equal to 0, reducing the parameter space. This is imposed in this chapter
by using a lower triangle. This restricts the parameter space so that, given the symmetry
of Σu around the main diagonal, N(N − 1)/2 restrictions are placed on the cumulative long
run effects Θ (1)
∑∞
i=1 Θi = B (1)
−1,
Θ (1) =
θ1,1(1) 0
θ2,1(1) θ2,2(1)
 (1.4)
Ordering the elements of Yt becomes important using the lower triangle as it is assumed
that the first element of Yt is only affected by the first structural shock, while the last ordered
element of Yt is affected by all shocks.
The sign restriction is used to identify shocks by their impact on observables. While the
long run restrictions can identify shocks using assumptions on the zero long run response, it
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has no ability to discern between two shocks that have non-zero impact on the same variable.
Conversely, sign restrictions have the ability to identify shocks that have impacts on the same
variable resulting in different directions of movement. From the reduced form, t = β
−1
0 ut,
let ut = Pηt so that P is a lower triangle Cholesky decomposition matrix of Σu such that
PP ′ = Σu and etat are uncorrelated shocks with a unit variance. In the case of structural
shocks, a Q is found such that,
t = Q
′ηt
where Q′ is a square orthogonal matrix such that Q′Q = QQ′ = In and so ut = PQQ′ηt =
PQt. Candidate solutions for t are then selected on the basis of whether PQ satisfies the
sign restrictions imposed on β−10 . For example, given a supply and demand model, where
supply shocks increase quantity and lower prices while demand shocks increase price and
quantity, the sign restrictions could be imposed,qt
pt
 = β−10
ust
pdt
 =
+ +
− +
ust
pdt
 (1.5)
This can be constructed using Q(ψ),
Q (ψ) =
cos (ψ) − sin (ψ)
sin (ψ) cos (ψ)
 , ψ ∈ [0, 2pi] (1.6)
This is used to construct a range of values that retains solutions that agree with the sign
restrictions.
While this chapter will implement such restrictions to remain consistent with the work
of Balleer and Van Rens (2013), the restrictions implemented assume long run outcomes
to avoid problems of short run deviations. Alternative estimation approaches can also be
taken to resolve such issues, and could be used to test the robustness of the findings. Villani
(2009) proposes a mean-adjusted VAR to include priors on steady-state values as exogenous
regressors so that long run values of variables may be used to inform the model.
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Alternatively, Giannone et al. (2019) use long run priors, rather than standard restric-
tions implemented here. This uses first differences of the model with a prior around the
lag level component centered around 0 but allowing deviations in accordance with the prior.
This approach therefore allows for the same long run restrictions but does not enforce it via
calibration, reducing overfitting in the stochastic component as lower frequency movements
do not have to be included. Additionally, Uhlig (2004) proposes the use of medium and
short run sign restrictions to test robustness of findings by changing when sign restrictions
apply. Such extensions to the model could be considered in future work to explore the short
run dynamics not considered here.
1.4.2 Heterogeneous labour production function and bias technol-
ogy shocks
When studying the skill premium, it is fundamental that aggregate production consists of
high skilled and low skilled labour inputs. The premium then is derived from the relative
marginal products of the high and low skilled labour. The past literature shows that the
production technology should incorporate Capital-Skill Complementarity and a SBTC in
addition to standard “neutral” technology (SNT) shocks. The SBTC has been shown to
be critical in explaining recent cyclical movements and the complementarity relationship,
which is tested by Balleer and Van Rens (2013), reflects both the original findings that
skilled workers are stronger complements to capital and thus affects the relative marginal
product and skill premium, and is key to explaining the effect of the technology revolution
on labour markets.
When specifying the production technology, two approaches are found in the literature.
Autor et al. (1998), Goldin and Katz (2007), and Autor et al. (2008) use a simplified CES
that differentiates high skilled, of share β, and low skilled, of share 1 − β, heterogeneous
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labour inputs:
Yt = At
(
β (BH,tHt)
σ−1
σ + (1− β) (BL,tLt)
σ−1
σ
) σ
σ−1
(1.7)
σ > 0, σ 6= 1, 1 ≥ β ≥ 0, t ≥ 0
This form contains 2 inputs; high skilled labour Ht, and low skilled labour Lt. There
are also 3 technology terms included; a neutral technology shock At, a skilled-augmenting
technology shock BH,t, and an unskilled-augmenting technology shock BL,t. The effect of the
labour-augmenting technologies is dependent on the elasticity of labour substitution param-
eter, σ. If the two labour inputs are substitutes (σ > 1), increases in BH,t increase the skill
premium and increases in BL,t decrease the skill premium as they change the marginal prod-
uct. This means that BH,t is SBTC and BL,t is Unskilled-Biased Technical Change (UBTC).
Both can result in an increase in the skill premium, but differences exist as a positive SBT
shock increases the skill premium and productivity whereas a negative Unskilled-Biased
Technology (UBT) shock increases the skill premium, but decreases productivity. This can
be used in a VAR to identify the shocks in data.8
This production technology gives a skill premium (log) ratio of the marginal products of
high skilled and low skilled labour. Following (1), this yields:
log
(
wH,t
wL,t
)
︸ ︷︷ ︸
Skill Premium
= log
(
β
1− β
)
︸ ︷︷ ︸
Proportion of
Skilled Workers
− 1
σ
log
(
Ht
Lt
)
︸ ︷︷ ︸
Relative Demand
for Skilled Labour
+
σ − 1
σ
log
(
BH,t
BL,t
)
︸ ︷︷ ︸
Relative Biased Labour
Technical Change
(1.8)
Here, wH and wL are the wages of high and low skilled labour respectively. The skill
premium is decreasing in the relative demand for skilled workers, log
(
Ht
Lt
)
. If labour inputs
are substitutes, σ > 1, the premium increases for a positive SBTC BH , or a negative UBTC,
BL. This function shows how the skill premium responds with heterogeneous labour inputs,
but does not exhibit Capital-Skill Complementarity as capital is not included in the produc-
tion function.
8Capital-Skill Complementarity can be introduced in this form by using Ht and Kt in the nested CES
function, as used in Cantore et al. (2017).
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The second approach, used in Greenwood et al. (1997), Krusell et al. (2000), and Lindquist
(2004) uses a two-sector economy, consisting of consumption and investment goods. Here,
consumption goods are produced using the unskilled labour and the investment good, which
is itself produced using capital and skilled labour. This introduces Capital-Skill Comple-
mentarity to the aggregate production function via the production of investment goods:9
Yt = At
(
β
(
γK
ρ−1
ρ
t + (1− γ) (BH,tHt)
ρ−1
ρ
) ρ
ρ−1
σ−1
σ
+ (1− β) (BL,tLt)
σ−1
σ
) σ
σ−1
(1.9)
σ, ρ > 0, σ, ρ 6= 1, 1 ≥ β, γ ≥ 0, t ≥ 0
Yt = Ct + ptIt
In this model, pt is an Investment-biased technology (IBT) shock, which decreases the
price of investment, and At denotes both an SNT and Investment-Neutral Technology (INT)
Shock. ρ denotes the elasticity of substitution between skilled labour and capital, while σ
denotes both the elasticity of substitution between unskilled labour and capital, and between
skilled and unskilled labour. In this specification, an IBT shock increases the skill premium if
the elasticity of substitution between skilled labour and capital is less than between unskilled
labour and capital, generating Capital-Skill Complementarity, ρ < σ. The skill premium can
be derived from Equation 1.9:
log
(
wH,t
wL,t
)
︸ ︷︷ ︸
Skill Premium
= log
(
β (1− γ)
1− β
)
︸ ︷︷ ︸
Proportion of
Skilled Workers
− 1
σ
log
(
Ht
Lt
)
︸ ︷︷ ︸
Relative Demand
for Skilled Labour
+
σ − 1
σ
log
(
BH,t
BL,t
)
︸ ︷︷ ︸
Relative Biased Labour
Technical Change
+
σ − ρ
σ (ρ− 1) log
(
1− γ + γ
(
Kt
BH,tHt
) ρ−1
ρ
)
︸ ︷︷ ︸
Capital-Skill Complementarity Effect
(1.10)
This shows that the skill premium, log ratio of wages of high skilled and low skilled work-
ers, is decreasing in employment of skilled labour, and that there is a positive effect of the
9In Krusell et al. (2000), the aggregate production function also features heterogeneous capital, differen-
tiating between structural capital that enters in the Cobb-Douglas form described earlier, and equipment
capital that is used in the investment sector.
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relative technology shocks when labour inputs are substitutable, σ > 1. Under Capital-Skill
Complementarity, ρ < σ, and with ρ > 1, the last term is also positive, in keeping with the
established literature.
1.4.3 Identification of Shocks
Having discussed the theoretical mechanisms of Capital-Skill Complementarity and the skill
premium, this can be implemented into a VAR to test if such effects are present in empirical
analysis.
Estimating the effects of a shock can be achieved by decomposition, since the skill pre-
mium and relative quantity of skill are observable. However, this approach has drawbacks.
As discussed before, examining the skill premium and controlling for relative employment of
skill cannot differentiate a positive SBT or a negative UBT. Furthermore, the decomposition
requires there to be no noise in the wage determination process. The Balleer and Van Rens
(2013) study assumes that by use long run identification in the model, markets have attained
an equilibrium at a long run trend and the short term deviations from this equilibrium are
not present. In this chapter, separating SBT and UBT is achieved using this approach.
An (overly) simplifying assumption would be that technology shocks are only positive,
thus an increase in skill premium is a SBT, while a decrease is an UBT. However, it can also
be identified via a combination of restrictions. This utilises a long run zero restriction on the
effect of the shocks on the skill premium and sign restrictions on the responses. Balleer and
Van Rens (2013) find the sign restriction to have a substantial effect on the Impulse Response
Functions (IRF). Their work also introduces skill supply as an explanatory variable, as high-
lighted in the prior literature, due to the simultaneous endogeneity present in labour markets.
This chapter follows the estimation structure used in Balleer and Van Rens (2013) while
extending the sample period to cover 1979:I to 2016:IV, using first differences of the skill
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premium, labour productivity, total hours worked, relative hours worked, and capital price.10
The VAR uses 8 lags with a Minnesota or Litterman Prior when estimating, using 1000 draws
from the distribution during estimation.11 This chapter will compare the results using the
new extended sample that incorporates post-crisis data, and also using windows covering 20
year periods; 1979:I – 1999:IV, 1984:I – 2004:IV, 1989:I – 2009:IV, 1994:I – 2014:IV. This ad-
ditional approach will be analysed to establish how responses to shocks have changed across
the period.
1.4.3.1 Labour-Biased Technology Shocks
The basic skill premium model is estimated using the structure with relative employment
of skill and the technology shocks as regressors. Following the established literature (for
example, Katz & Murphy, 1992), the elasticity of substitution parameter is set σ = 1.5 so
that labour inputs are substitutes.
Under this parameterisation, log
(
BH,t
BL,t
)
can be recovered from the skill premium equa-
tion, giving the (combined) shocks as derived from the theoretical model. However, while
this approach gives a basic estimation of the shock process from this equation, it does not
separate the types of technology shocks due to the indeterminacy involved.
The first restriction applied to the technology shock is the candid long run assumption
where shocks are assumed to have zero long run effect, so that all short run deviations are
caused by shocks. This model features two technology shocks, a combined SBT and UBT
shock, and a SNT shock which represents all other technology shocks. This structure is
imposed by ordering the VAR variables, with the skill premium first, then productivity, then
total hours. This holds an implicit assumption that changes in the skill premium are caused
10Variables may only be present in some specifications.
11The Litterman (or Minnesota) prior is used to implement a normal prior for VAR coefficients and a fixed
diagonal residual variance. This is to reflect beliefs that the true data generating process for each variable is
a unit root and that the first differences are uncorrelated. A harmonic decay (order 3) is imposed on the prior
variance of the lag coefficient so as to remove the effects of measurement error in the skill premium. The
lag order follows the baseline specification for Balleer and Van Rens (2013) to account for autocorrelation in
the variables. Results are robust to lag orders.
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only by technology shocks. While this holds more sway during the technology revolution
period, this rules out the effect of supply-side shocks that has been discussed in the liter-
ature. As these are shown to be important, this will be remedied by further restrictions later.
To separately identify SBT and UBT shocks, sign restrictions can be imposed on the
response of the skill premium to labour productivity; A technology shock that increases
the skill premium and increases (decreases) relative productivity is a SBT (UBT or SNT)
technology shock. This sign restriction gives a method of identification of SBT shocks in
the long run. As shocks are linearly dependent, separate identification of all 3 shocks is not
possible, so shocks are categories as “skilled-biased” and “other”.
1.4.3.2 Supply Shocks
So far, the supply of skilled labour in the market has been ignored for the sake of specifying
the demand response. However, as endogeneity exists in labour markets, with demand and
supply changing from the skill premium and simultaneously affecting the skill premium, it
must be considered. A decrease in skill premium may be caused by a fall in demand as a
result of a negative STB or positive UBT shock, or a positive shock to the supply of skilled
labour. This discussion was the focus of Goldin and Katz (2007) when looking at the post-
1980 movement of the skill premium.
To remove this supply effect from technology shocks, Balleer and Van Rens (2013) in-
troduce skill supply shocks that are separately identified via further sign restrictions, which
will be implemented in this chapter. Whereas for the demand shock an increase in relative
hours worked of skilled labour causes by a SBT shock is associated with an increase in the
skill premium, a supply shock will see an increase in the relative hours worked but a fall in
the skill premium, due to a competitive labour market pushing wages down and employment
increasing. This restriction is imposed on the relative hours worked of skilled labour.
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1.4.3.3 Investment-Biased Technology Shocks
So far, identifying restrictions have been applied so as to identify biased labour technology
(and labour supply) shocks. In the two-sector model, an investment specific shock exists
that reduces the price of capital. In the case of σ > ρ, such a technology change should
increase the skill premium.
This is identified via a long run restriction that IBT shocks are the only shocks that affect
the price of investment goods in the long run, and INT shocks are all remaining shocks that
change productivity in the long run. This identifying restriction is imposed by ordering the
variables in the VAR, with price of capital investment first, followed by productivity, total
hours, and finally the skill premium.
1.4.4 Model Specifications
In the results section, the analysis will follow the ordering of the models presented in this sec-
tion. The first VAR specification is estimated using the skill premium, labour productivity,
and total hours worked to examine the effects of combined SBT and UBT shocks and SNT
shocks. A final shock describes all non-labour productivity shocks that could affect labour
markets, such as supply shocks and IBT shocks discussed later in the chapter, as well as
measurement errors. As this captures all omitted effects without any specific interpretation,
the response is not shown. This is estimated using the long run restrictions, ordering the
observable variables and imposing a lower triangle on β−10 . From the notation in the VAR
identification section, this gives,
Yt =

yskpt
yprodt
ytot.hourst
 ,  =

SBT+UBTt
SNTt
non−labourproductivityt
 , β−10 =

b11 0 0
b21 b22 0
b31 b32 b33

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The second VAR specification combines the long run restrictions with sign restrictions.
These sign restrictions are used to separately identify the SBT shock from other technology
shocks affecting labour productivity, and to identify the supply of skilled labour shocks. The
model specification uses relative hours worked by skilled labour, skill premium, labour pro-
ductivity, and total hours worked.
SBT shocks are identified as shocks that cause skill premium, labour productivity, and
relative hours worked by skilled labour to move in the same direction in the long run, while
all other technology shocks affecting labour productivity, including UBT shocks, cause the
skill premium and relative hours worked by skilled labour to stay the same or fall, while
productivity still increases. It is assumed that no other shocks affect labour productivity.
The supply shock is also identified via sign restrictions, with an increase in relative hours
worked by skilled labour and simultaneous fall in the skill premium identified as a supply
shock.
Yt =

yrel.hourst
yskpt
yprodt
ytot.hourst
 ,  =

supplyt
SBTt
otherTt
othernon−Tt
 , β
−1
0 =

l11 > 0 l12 > 0 l13 ≤ 0 0
l21 < 0 l22 > 0 l23 ≤ 0 0
l31 l32 > 0 l33 ≥ 0 0
b41 b42 b43 b44

The lij elements are selected from PQ, as described in the VAR identification method,
with a 3 × 3 Q matrix that contains 3 rotation matrices to impose the sign restrictions on
Q = Q12Q13Q23 with θ, φ, ψ ∈ [0, pi],
40
Q12 =

cos (θ) − sin (θ) 0
sin (θ) cos (θ) 0
0 0 1
 ,
Q13 =

cos (φ) 0 − sin (φ)
0 1 0
sin (φ) 0 cos (φ)
 ,
Q23 =

1 0 0
0 cos (ψ) sin (ψ)
0 sin (ψ) cos (ψ)

Having defined the elements of the matrix, 1000 candidate solutions are drawn from the
posterior distribution, and the matrix rotated to check whether the sign restrictions or the
negative of the sign restrictions (for example, if the restriction is that they both must move
in the same direction, this can be both positive or both negative) ofPQ can be satisfied.
Using this, median, 16th and 84th percentiles are calculated from the candidate draws that
meet the sign restrictions.
The third specification identifies IBT shocks again using long run restrictions. As dis-
cussed previously, the approach used in Greenwood et al. (1997), Krusell et al. (2000), and
Lindquist (2004), which Balleer and Van Rens (2013) focus on in their critique, uses two
sectors to implement Capital-Skill Complementarity, where the shocks are described as an
IBT (which augments skilled labour) and an INT.
The VAR is estimated using price of capital investment, productivity, skill premium,
and total hours worked, with the lower triangle applied to identify IBT shocks as the only
shocks that affect the price of capital investment. INT shocks, including biased labour
productivity shocks, are ordered second so that having identified the IBT shocks, all other
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shocks are grouped. This ordering is used specifically for the identification if IBT, while
following specifications order the remaining variables to identify further shocks. Therefore,
this specification is only used to examine IBT and INT shocks, with the remaining shocks
having representing grouped non-productivity errors such as measurement.
Yt =

ypricet
yprodt
yskpt
ytot.hourst
 ,  =

IBTt
INTt
skpt
tot.hourst
 , β
−1
0 =

b11 0 0 0
b21 b22 0 0
b31 b32 b33 0
b41 b42 b43 b44

The final VAR estimates the SBT, IBT, supply, and “other” technology shocks by com-
bining the methods used in the previous VARs. The variables are ordered price of capital
investment, relative hours worked by skilled labour, skill premium, labour productivity, and
finally total hours worked. IBT shocks are identified as the only shock affecting the price
of capital investment, as per the third specification. This is then combined with the identi-
fication strategy of the second specification to separate the INT shock into supply shocks,
SBT, and other T shocks with the same Q matrix. The final shock contains all remaining
non-labour, non-supply shocks that could affect the model.
Yt =

ypricet
yrel.hourst
yskpt
yprodt
ytot.hourst

,  =

IBTt
supplyt
SBTt
otherTt
non−T,non−supplyt

, β−10 =

b11 0 0 0 0
b21 l11 > 0 l12 > 0 l13 ≤ 0 0
b31 l21 < 0 l22 > 0 l23 ≤ 0 0
b41 l31 l32 > 0 l33 ≥ 0 0
b51 b52 b53 b54 b55

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1.4.5 Robustness Checks
As discussed during the data description, an issue with extending the sample window used
in the estimation is that some data measures used during Balleer and Van Rens (2013) have
been impossible to source identically. As part of the analysis, alternative approaches have
been used and compared to the original data or robustness checks that were carried out.12
Before extending the sample therefore, these alternative approaches must be compared to
ensure they are not causing spurious changes in the results.
The first check is to ensure that the re-categorizing of wages that occurred during the
update of the CPS database have not affected the results in the data for the original sample
period. The comparison of the new and old series compared the correlations of all micro
data wage series created in both the original series and the new dataset using the new wage
series. The reported correlation coefficients all exceed 0.99, with the lowest reported corre-
lation 0.9953, and the impulse responses generated demonstrating no significant difference
for any specification reported. Therefore, I am confident that the new wage specifications
do not cause any changes to the results. This analysis was also conducted for the change
in the state identification variable, with the minimum correlation unchanged from when the
new wage variables were introduced and no change in the IRFs.
As discussed previously, calculating the per capita hours series has proved difficult. While
a new series has been estimated using data from FRED, Balleer and Van Rens (2013) found
their results to be robust to using the total hours worked measure reported by the BLS.
As this series is available and the estimated per capita hours have a high correlation coef-
ficient, impulse responses for both measures have been calculated and show no discernible
differences to those calculated using the original data. While both approaches will be used
through the analysis, figures reported in the results have used the estimated series of per
capita hours. This is to ensure comparability of the results discussion in this chapter with
the figures reported in Balleer and Van Rens (2013).
12Original codes and data files have been kindly provided by Thijs van Rens.
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The final data issue to be addressed is that of the price of capital. The discontinuation
of the original price of equipment (and software) series in 2011 severely limits the extent
to which the sample can be extended using the same baseline specification as Balleer and
Van Rens (2013). Using the new price of equipment series, or the price of investment series
that is still published, allows the sample to be extended to 2015:IV. However, the correlation
between the new price of equipment index and the original index is relatively low compared
to correlations seen elsewhere, and this can be seen in the IRF it produces. Conversely, the
price of investment index is used as a robustness check but is still available and thus has a
high correlation. Therefore, results discussed in this chapter will use the price of investment
index, as using the price of equipment may generate differences between the results seen here
and those found in Balleer and Van Rens (2013) which are not attributable to the new data
found in the extended sample.
1.5 Results and Comments
The results section will first analyse the findings of the VAR estimation using the sample
covering 1979:I to 2016:IV, comparing the findings with those of Balleer and Van Rens (2013)
to examine how differences in the results effect of the properties of the skill premium in the
data. The second section will estimate the VARs within different windows, analysing how
the response functions change throughout the sample. The impulse responses presented in
Appendix 1.3 show the percent response to a positive one standard deviation shock, present-
ing the median response with 16th and 84th percentiles of the posterior distributions.13
1.5.1 Extended Sample
The first comparison conducted examined the IRFs from the production function decompo-
sition with long run restrictions to account for short run deviations from the long run rule.
This form features two shocks, the SNT shock, and the combined SBT and UBT shocks that
13This follows Uhlig (2004).
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impact the skill premium identically so cannot yet be separately identified.
The responses of the extended sample model to the SNT shock, presented in Figure 1.6,
are in line with those presented in Balleer and Van Rens (2013). The effect on the premium
is insignificant while, following the shock, labour productivity increases and hours worked
decline. As noted by Balleer and Van Rens (2013) and Lindquist (2004), these findings are
similar to those found in Gali (1999), which have been used to empirically validate the New
Keynesian model.
The response functions for the combined SBT and UBT shocks have a notably different
response in productivity. The skill premium follows the same positive path expected from
the shock and the response of hours worked is positive and insignificant. The productivity
response in the extended sample is now positive and significant, as opposed to the positive
but insignificant result in Balleer and Van Rens (2013). As a baseline measure, this does not
provide much insight into how findings may be affected by the new data. However, it does
suggest that the extension of the data may have implications on the findings.
To separately identify the SBT shock, sign restrictions are implemented where a shock
that increases the skill premium, relative hours worked by skilled labour, and productivity
in the long run is identified as an SBT shock. The results presented in Figure 1.7 show
that again the Balleer and Van Rens (2013) results hold in the extended sample, with paths
that follow similar magnitudes and significances. Productivity has a positive and significant
response to both the SBT and ”other” technology shocks, whilst the response to a supply
shock is negative and only significant in the first 3 quarters following the shock. The re-
sponse of total hours worked is negative in all cases, although the response to ”other” shocks
is statistically insignificant. However, the responses of relative hours are non-neutral, with
positive and significant responses to SBT and supply shocks, and a negative and significant
response to the ”other” shocks. This means that the total hours responses are not distributed
evenly across the types of workers.
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Balleer and Van Rens (2013) discusses how the findings of Gali (1999) may be as a re-
sult of SBT shocks, with firms decreasing unskilled workers and increasing skilled workers
following a shock. This causes a compositional shift in labour demand. When the hours are
separated out, as in Figure 1.8, this is reflected by negative and partially significant changes
in skilled hours but stronger negative and significant movement in unskilled, while skilled
wages and unskilled wages increase significantly. Therefore, while total hours worked fell
and hours worked by both types of labour fell, there is a positive response in relative hours
worked by skilled labour following the shock once the supply shock is accounted for.
So far, capital has not factored into the empirical models, so the Capital-Skill Comple-
mentarity relationship has not been considered. Balleer and Van Rens (2013) introduces the
IBT and INT shocks to analyse the structures presented in Krusell et al. (2000) and Lindquist
(2004). If complementarity exists, the (log) premium equation shows an IBT shock should
increase the premium.
Balleer and Van Rens (2013) find that the IBT has no positive statistically significant ef-
fect on the skill premium, which contradicts the notion that complementarity, σ > ρ, exists.
They instead find that an IBT shock decreases the price of investment, increases produc-
tivity and total hours worked, and decreases the skill premium while an INT shock has no
effect on the price of investment, increases productivity, decreases total hours worked and
increases the skill premium.
The finding that the skill premium response to an IBT shock is negative and insignificant
would suggest capital-skill substitution, rather than complementarity, exists. This can be
seen in Figure 1.11 where, although statistically insignificant, the skill premium response to
the IBT shock turns negative after 5 quarters. However, this finding seems very dependent
on the measure of the price of investment. If the relative price of investment series, rather
than price of equipment (and software), is used, the responses change. As shown in Figure
1.9, using the alternative measure they collect produces a negative but insignificant total
hours response and a positive skill premium response to the IBT shock.
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In the extended sample, the skill premium response described in Balleer and Van Rens
(2013) does not appear using the relative price of investment, the currently reported relative
price of equipment, or the discontinued relative price of equipment (and software) series.14
Figure 1.10, which extends the use of price of investment to up to 2015:IV, does not demon-
strate much change to the responses seen for the the original sample length.
Examining the discontinued series, the extension of the sample period in Figure 1.12
gives responses that are similar to Balleer and Van Rens (2013), although the productivity
response has lower magnitude at later stages, and the total hours worked response is more
positive. However, the skill premium response is notably more positive, with the second
quarter response positive and significant, before becoming insignificant. The response of
total hours to the INT shock is far more negative than seen in the original sample, but other
responses are unchanged.
Using the new price of equipment series however causes many changes. For the original
sample, Figure 1.13 shows that prices have a much stronger negative response but the skill
premium remains positive following an IBT shock. The responses to the INT shock are
almost identical to Balleer and Van Rens (2013).
When the sample is extended in Figure 1.14, the same results are seen, except that the
premium response to an IBT shock is even more positive and significant, and the total hours
worked response to an INT shock is even more negative.15 This reflects the outcomes seen
using the other price measures. These findings suggest that results presented in Balleer and
Van Rens (2013) may be a characteristic of a specific data series within a specific period,
rather than being generally upheld in US data. The effects of specific periods will be exam-
ined further in the next stage of the results analysis.
14For the currently reported series, the extended sample runs from 1979:I to 2015:IV. For the discontinued
series, the extended sample runs from 1979:I to 2011:IV.
15There is also a decrease in the significance of the total hours response to an IBT that makes the response
insignificant.
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The final VAR separately identify SBT, IBT and supply shocks, and a collective “other”
technology shock. Here, the supply shock and “other” shock responses closely follow Balleer
and Van Rens (2013) again, with only changes to the significance of the total hours response
to both. The response to the SBT shock are qualitatively the same in both cases.
The major differences between the original sample, Figure 1.15, and the extended sample,
Figure 1.16, are found in the responses to the IBT shock. Here, the response of relative hours
worked by skilled labour is always negative, compared to the initially positive response that
turns negative in the original sample. The response of total hours is more negative in the
extended sample, though it is insignificant in both cases. However, the positive skill premium
response to the IBT and SBT shocks support the Capital-Skill Complementarity Hypothesis.
The impact of extending the sample on the results generated in the VAR IFR suggest
that the data seems to support the Capital-Skill Complementarity Hypothesis. The next
section will estimate the same VARs in 20 year windows, examining how the results in the
sub-samples differ from the extended sample and discussing the evidence for time-varying
effects.
1.5.2 Rolling Window Samples
First inspection of the rolling window IRF estimates suggest that the VAR models estimated
using the entire range of data smooths out some major variations that occur within subsets
of the data. The window analyses for the long run restriction VAR are presented in Figures
1.17 to 1.20.
Using the original long run restriction to jointly identify biased labour technical changes
separately from neutral technical changes, patterns start to emerge showing how responses
have changed over time. The first window, covering 1979 to 1999, has a clear difference in
the Total Hours Worked responses. In the baseline analysis, Total Hours Worked does not
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have a significant response to biased labour technology shocks, and a negative and significant
response to the SNT shock. By contrast, the response of Total Hours Worked in the first
window becomes negative to biased labour technology shocks and positive to SNT shocks.
In the 1984 to 2004 window however, these differences are no longer seen, The response
of Total Hours Worked to biased labour technology shocks is now insignificant, as is the
response to productivity beyond the first period of the response to the biased labour tech-
nology shock. Examining the SNT shock responses, the direction of Total Hours Worked
has switched so that now Hours fall in responses, in the same style as seen in the responses
using the full sample.
The 1989 to 2009 window follows a similar pattern, with Total Hours Worked responses
to biased labour technology shock becoming more neutral. The final window, covering 1994
to 2014, has a similar response to the SNT shocks but examining the biased labour technol-
ogy shock, the productivity response becomes negative and Total Hours Worked becomes
positive, although they are still insignificant.
The analysis shows that the responses in the VAR using the full sample are not constant
across all subsections. Instead, estimates using the full sample tend to average out a strong
opposite effect in the 1979 to 1999 window with milder effects seen in all subsequent win-
dows. These patterns, especially for Total Hours Worked in the 1979 to 1999 window, are
repeatedly found in this analysis within the different VAR models estimated, with pre-1984
data providing outliers when compared to the rest of the sample. These findings coincide
with the great moderation period in the US, which may explain the effects seen.
Using the sign restriction to separate the SBT shock, the responses seen in the 1979 to
1999 window, shown in Figure 1.21, follow the results seen in the previous window analysis.
The SBT shock follows the directions of the full sample, although the response of the Total
Hours Worked is weaker. As in the long run restriction VAR previously, the response to
other technology shocks, which includes the SNT shock and UBT shock described previ-
49
ously, has a positive response in the first window, at odds with the negative but insignificant
effect in the full sample. The supply shock follows the same direction as the full sample, with
the Productivity response becoming more significant and Total Hours Worked less significant.
The second window produces Total Hours Worked responses at odds to those in the full
sample. Figure 1.22 shows how other technology shocks yields a significant negative response
in Total Hours Worked, and the supply shock providing the sole positive response in Total
Hours Worked, while other technology shocks produce the same directions seen in the full
sample.
The cause of this response could be related to the fact that it falls between two major
depressions in the US economy, so the labour markets may be operating with spare capac-
ity. The response could also be related to Goldin and Katz (2007), who discuss how the
labour market in this period differs to what came before. They show how from 1915-1960,
the supply of college workers grew faster than demand, and then from 1960-1980, the two
kept pace. For the period 1980 to 2005, which this window exclusively covers, demand
for college workers grew faster than the supply. This idea of skilled workers filling a slack
labour market could explain this observation, although it is suspicious to find the effect so
neatly confined to this window, when the 1988:I to 2008:IV window also covers this period
for the majority of the observations. As such, further analysis is needed to explain this result.
In Figure 1.23 window covering 1989 to 2009, the response to the SBT shock is very
similar to the previous window, with a slightly stronger Total Hours Worked response and
a slightly weaker Productivity response. The Total Hours Worked response to other tech-
nology shocks becomes insignificant after the first period. However, the response to the
supply shock switches sign, with the response becoming negative, although the response is
still insignificant.
Figure 1.24 shows the final window, where the responses to SBT shocks are similar to the
previous window. However, the Total Hours Worked response to other technology shocks
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changes again, with the response very close to 0, rather than the responses seen in previous
windows. The supply shock changes significantly, with Productivity switching from negative
to positive after 4 periods, but is always insignificant. The Total Hours Worked response
becomes negative and significant, providing the only significant response by Total Hours in
any of the windows considered.
Using the Krusell et al. (2000) structure to identify IBT and INT shocks, the responses
for the 1979 to 1999 sample in Figure 1.25 demonstrates noticeable differences in the Total
Hours Worked response. Here, the Total Hours Worked response to an IBT shock is posi-
tive and significant, and positive but insignificant to an INT shock after the second period.
Other responses follow those seen in the full sample response, with the exception to the Skill
Premium response to an INT shock, which is positive and significant.
In keeping with the patterns seen in the previous window analysis, Figure 1.26 shows
the 1984 to 2004 window Total Hours Worked response switches direction from these seen in
the first window, with both IBT shocks and INT shocks having negative responses that are
statistically significant. In addition, the Skill Premium response to an INT shock becomes
insignificant, compared to the positive and significant responses seen in the first window and
full sample.
The 1989 to 2009 window in Figure 1.27 follows the pattern of the second window, with
productivity and Skill Premium responses appearing similar. The Total Hours Worked re-
sponses follow the same path as the previous window but with greater magnitudes and wider
confidence bands.
In the final window, covering 1994 to 2014, a noticeable difference is that now the Skill
Premium response to the INT shocks is negative and significant, while the response to the
IBT shock is positive but insignificant. Figure 1.28 shows that while the response to the Skill
Premium becomes smaller over time, it remains positive in all windows of the analysis, and
significant for the majority of windows. This rejects the findings of Balleer and Van Rens
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(2013), who found that the skill premium declined in response to IBT shocks and therefore
concluded that capital and skilled labour should be concluded relative substitutes. Their
conclusion of the negative response to IBT shocks is not robust to the measurement used
for price of capital investment, with other measures providing at least one period of positive
statistically significant responses, or to the sample window, with the longer sample for the
measure considered in their study providing an initial positive response before becoming
insignificant.
While the evidence from the responses found in the windows suggests that time varying
effects may change the responses found in the labour market, especially in the response of
hours worked or employment, the results found here do not rule out Capital-Skill Comple-
mentarity. When considering the impact of SBT shocks, the skill premium is seen to response
positively in the period 1979:I to 2016:IV, as is suggested by the hypothesis.
The results produced from the windows suggests that the responses seen in shorter sam-
ples are influence by pre-1984 and post-Financial Crisis data. These correspond to the 1979
Energy Crisis and the 2008 Financial Crisis, which both impacted the USA with recessions
and prolonged depressions.
The responses in later windows suggest that New Keynesian-style responses are present.
This is discussed in Lindquist (2004), when discussing the volatility in hours and wages es-
timated in the theoretical model, and in DiCecio (2009), who argues that rigidity in wages
is the key friction in a model featuring capital-producing and consumption-producing sectors.
Job Polarization literature treats the flattening of the skill premium as the next step of
the technological revolution that gave rise to the initial skill premium literature. In their
summary of recent works, (Valletta, 2016) observes a downturn in workplace IT investment
and a consequential downturn in demand for highly skilled labour. The results in the window
analysis support this conclusion, as later windows find smaller effects of IBT shocks on the
skill premium.
52
This decline is seen in studies such as Bo¨hm (2014), with declining shares of what is
termed middle-skilled labourers, such as office, sales and operations staff. Autor et al. (2003)
describe this effect on the relative demand for skilled against unskilled labour, finding the
contribution to explain up to 40 percent of the skill premium growth observed being as a
result of computerization.
These findings fit with earlier discussions on the IT revolution and the SBT shocks dis-
cussed in the literature review. One of the proposed theories that skilled or educated labour
adjusted quicker to new technologies fits the Job Polarization literature. Therefore, while
skilled labour benefited upon the initial technological revolution, the effects of technology
have become more ubiquitous over time, with less skill bias ultimately contributing to a
flattening of the skill premium. The smaller responses of the skill premium to IST shocks in
later windows coincides with declining investment in equipment and software in the US, po-
tentially suggesting that the relative complementarity may break down over time to become
a more neutral effect. The Job Polarization literature provides an alternative approach in
looking at the roles of labour to augment information on their education level, giving more
information on where educated labour is employed and how this affects the skill premium.
1.6 Conclusion
The empirical analysis has shown that the skill premium increases in response to SBT shocks
in US data between 1979:I and 2016:IV. This firstly proves the skill premium will have cycli-
cal properties as SBTC has been identified as a key explanatory factor for business cycle
volatility in the post-1980 US economy. Secondly, the results support the Capital-Skill
Complementarity Hypothesis, as the skill premium increases in response to the positive
Investment-Biased technology shock presented in Krusell et al. (2000) as well as to a SBT
shock.
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The findings of this chapter show that when alternative measures of the price of capital
investment or different sample windows are considered are used, the results found in Balleer
and Van Rens (2013) are no longer present. The analysis of the sub-samples of the period
suggest that the original sample findings may be influenced by the early part of the sample.
In this period, which is covered in the first sub-sample window, responses generated in re-
sponse to technology and supply shocks differ to those in the rest of the data. This finding,
along with the effect of extending the overall sample, suggest that these early observations
were affecting the outcome and were not generally present throughout the sample. This
chapter therefore rejects the conclusion of Balleer and Van Rens (2013), as the responses
found in this chapter do not support the evidence used to draw their conclusions in rejecting
the Capital-Skill Complementarity Hypothesis.
The VARs estimated have identified a wealth of areas for further research. The sub-
sample analysis responses showed that time varying dynamics should be investigated further
to explain the patterns found, especially is the responses of productivity and hours worked.
While the nature of the identification restrictions in this chapter mean it is concerned with
the long run level, these results suggest short run deviations that vary the response of a
model may better explain specific periods. The changes in the response of productivity to
various technology shocks over time is likely to be of significance in the literature exploring
the stagnation of labour productivity.
The Impulse Response Functions also give results in some sub-samples that contradict
the overall trend. While discussed in the results, the fluctuations in the total hours response
cannot be explained by this empirical analysis. Introducing time varying parameters or
stochastic volatility into the VAR could therefore be useful to separate out these effects.
Further investigation into the switches found in the responses of total hours to supply and
technology shocks therefore would prove useful, with dramatic labour market policy impli-
cations.
Having estimated the technology shocks from the VARs, the data here will be used
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in chapter 2 to estimate parameters in a Dynamic Stochastic General Equilibrium model,
founded in the existing skill premium literature. The objective of this estimation would be
to better represent the volatility and cyclicality of the skill premium found in the empirical
analysis.
Given the importance of the supply shocks in explaining the responses of variables in
the data, these findings should be represented in the model. Therefore, chapter 3 expands
on the basic household sector, enriching the labour supply. Endogenising the education
choice improves the predictive power of the model, as the VAR results show that supply
shocks have statistically important effects and modelling technology shocks without con-
sideration for the supply side fails to capture all the volatility found. Introducing a richer
supply component to the model allows for investigation into government supply side policies.
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1.7 Appendix 1.1: Substitution Parameter Estimates
from other literature
Table 1.1: Elasticity of Substitution parameter estimates from other literature
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1.8 Appendix 1.2: US Data Series
Figure 1.1: Skill Premium in Original Data and in New Data (log ratio of usual hourly earnings
between college graduates and high school graduates, CPS ORG)
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Figure 1.2: Total Hours Worked per Capita in Original Data and New Data (Total indexed hours
worked in non-farm business sector divided by civilian non-institutional population of 16 or over,
Federal Reserve Economic Database)
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Figure 1.3: Relative Employment of Skilled Workers in Original Data and in New Data (log ratio
of number of college graduates and high school graduates employed in private, non-farm, business
sector, CPS ORG)
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Figure 1.4: Relative Supply of Skilled Workers in Original Data and in New Data (log ratio of
number of college graduates and high school graduates employed in the labour force, CPS ORG)
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Figure 1.5: Wages of Low Skilled Workers in Original Data and in New Data (usual hourly earnings
of high school graduates employed in private, non-farm, business sector, CPS ORG)
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1.9 Appendix 1.3: SVAR Impulse Response Functions
Figure 1.6: Impulse Response Function to Biased Labour Technical Change and SNT Shocks
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Figure 1.7: Impulse Response Function to SBT, Other Technology, and Supply Shocks
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Figure 1.8: Impulse Response Function to SBT Shock with Additional Variables
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Figure 1.9: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1979:I to 2006:II
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Figure 1.10: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1979:I to 2015:IV
66
Figure 1.11: Impulse Response Function to IBT and INT Shocks, using Relative Price of Equipment
and Software (discontinued), 1979:I to 2006:II
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Figure 1.12: Impulse Response Function to IBT and INT Shocks, using Relative Price of Equipment
and Software (discontinued), 1979:I to 2011:IV
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Figure 1.13: Impulse Response Function to IBT and INT Shocks, using Relative Price of Equipment,
1979:I to 2006:II
69
Figure 1.14: Impulse Response Function to IBT and INT Shocks, using Relative Price of Equipment,
1979:I to 2015:IV
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Figure 1.15: Impulse Response Function to IBT, SBT, Other Technology, and Supply Shocks, using
Relative Price of Investment, 1979:I to 2006:II
71
Figure 1.16: Impulse Response Function to IBT, SBT, Other Technology, and Supply Shocks, using
Relative Price of Investment, 1979:I to 2015:IV
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Figure 1.17: Impulse Response Function to Biased Labour Technical Change and SNT Shocks,
1979:I to 1999:IV
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Figure 1.18: Impulse Response Function to Biased Labour Technical Change and SNT Shocks,
1984:I to 2004:IV
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Figure 1.19: Impulse Response Function to Biased Labour Technical Change and SNT Shocks,
1989:I to 2009:IV
75
Figure 1.20: Impulse Response Function to Biased Labour Technical Change and SNT Shocks,
1994:I to 2014:IV
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Figure 1.21: Impulse Response Function to SBT, Other Technology, and Supply Shocks, 1979:I to
1999:IV
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Figure 1.22: Impulse Response Function to SBT, Other Technology, and Supply Shocks, 1984:I to
2004:IV
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Figure 1.23: Impulse Response Function to SBT, Other Technology, and Supply Shocks, 1989:I to
2009:IV
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Figure 1.24: Impulse Response Function to SBT, Other Technology, and Supply Shocks, 1994:I to
2014:IV
80
Figure 1.25: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1979:I to 1999:IV
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Figure 1.26: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1984:I to 2004:IV
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Figure 1.27: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1989:I to 2009:IV
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Figure 1.28: Impulse Response Function to IBT and INT Shocks, using Relative Price of Investment,
1994:I to 2014:IV
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Chapter 2
Estimating Skill Premium Cyclicality
2.1 Introduction
The movement of the skill premium, the ratio of wages of skilled workers to unskilled workers,
in the US has been an area of considerable work in both microeconomic and macroeconomic
literature. Since the 1980s, the market for skilled labour, defined as workers with college ed-
ucation, has been characterised by simultaneous increases in both the supply and the wages
earned relative to unskilled workers, resulting in growing wage inequality (Autor et al. 2008;
Katz and Murphy 1992; Murphy and Welch 1992, 1993).
The literature concludes that these observations are the result of Skill-Biased Technical
Change, which shifted the demand for skilled workers following the technology revolution in
the 1980s (Acemoglu (1998), Autor et al. (1998), Card and DiNardo (2002)). To represent
these findings in macroeconomic models, Krusell et al. (2000) proposed the use of production
technologies that differentiate skilled labour and unskilled labour inputs, which allowed for
the introduction of Biased Labour Shocks. This approach became the standard method for
introducing Biased Labour Shocks in the macroeconomic literature.
The differentiation of labour inputs and labour productivity shocks to examine the move-
ment of the skill premium raises important issues about the relationships between different
types of labour and capital inputs. Early work (Griliches (1969), Bartel and Lichtenberg
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(1987)) proposed that skilled labour acted as a stronger complement to capital than unskilled
labour, termed ‘Capital-Skill Complementarity’, with further analysis of the post-1980 US
Labour market supporting this conclusion.
However, while Capital-Skill Complementarity has been established in firm and wage
data analysis, the implications of such a relationship have been disputed when applied to
macroeconomic models. Empirical work by Balleer and Van Rens (2013) found that the
implications of a relationship such as that described in Krusell et al. (2000) are not found in
data, while McAdam and Willman (2018) find that although Capital-Skill Complementarity
can be implemented, models with alternative forms outperform these in the data. They find
that using a Seemingly Unrelated Regression Estimation approach, a nested labour aggrega-
tor which combines skilled and unskilled labour is the best performing specification, which
does not feature Capital-Skill Complementarity.
This paper looks to see whether macroeconomic models featuring Capital-Skill Com-
plementarity can be supported empirically. Utilising the data described in Balleer and
Van Rens (2013), this paper estimates a Dynamic Stochastic General Equilibrium model
with the Krusell et al. (2000) production technology to investigate the validity of the model
in representing the US labour market in a standard macroeconomic framework. The results
support the Capital-Skill Complementarity Hypothesis, but finds that a production function
where capital and unskilled labour are nested and skilled labour is still a relative complement
to capital performs best in the data.
Section 2 of this paper will outline the current literature, while Section 3 discusses the
data used for estimating the model. Section 4 outlines the model used for the analysis,
focusing on the form of the production technology and its implications on the skill premium.
Section 5 discusses the results of the estimation, looking at if they support the form proposed
in Krusell et al. (2000) and the implications of the results on the skill premium equation.
Section 6 discusses the inferences drawn from the Impulse Response Functions estimation
from simulations of the model, while Section 7 uses Global Sensitivity Analysis to explore
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how responses may differ based on parameter calibrations. Section 8, examines alternative
specifications of the production technology, using Bayes Odds Ratio comparison to inves-
tigate which form best matches the data. The final section summarises the findings and
discusses the implications.
2.2 Related Literature
Discussion on the skill premium has always been closely linked to the Capital-Skill Com-
plementarity Hypothesis ever since the inception of the literature by Griliches (1969). This
initial paper investigated changes in the use of labour in the US manufacturing sector, find-
ing that skilled labour earned a premium relative to unskilled labour, and that this premium
was in part due to skilled labour having a stronger complementary relationship with capital
than unskilled labour. This was later expanded upon by Berman et al. (1994), who demon-
strated that the skill premium found in the data was associated with a shift in demand that
increased the use of skilled workers in manufacturing and that this was strongly correlated
with investments in computer and R&D by firms at the time.
The seminal work of Griliches (1969) established the key features of the skill premium
literature that has since followed. It established the production function most commonly
used in the literature, with the combination of capital, skilled labour, and unskilled “raw”
labour, and using the log ratio of wages paid to skilled and unskilled workers to measure the
skill premium. The paper also demonstrates that using the level of educational attainment
can be used to separate skilled and unskilled workers, with a skilled worker being regarded as
a worker with a college degree. Finally, the paper demonstrated the existence of Capital-Skill
Complementarity, with unskilled labour being more substitutable with capital than skilled
labour.
In the literature that immediately followed, summarised in Hamermesh and Grant (1979),
further evidence in favour of Capital-Skill Complementarity was found. Bartel and Licht-
enberg (1987) hypothesised that such a relationship was due to skilled labour being able
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to adjust quicker to the implementation of new technical innovations, so that the relative
demand for skilled labour would eventually fall after such a shock. However, the market for
skilled labour continued to expand.
Goldin and Katz (2007) describes the movement across the 20th century, with a narrow-
ing between 1910 and 1950 followed by a period of stability through the 1950s and 1960s,
then a rapid widening occurring during the 1980s, even despite growing supplies of college
students. The premium grew further in later years following declines in the growth in supply
of college graduates. Similar findings are also reported by Katz and Murphy (1992), Autor
et al. (1998), and Acemoglu (2002). Carneiro and Lee (2011) use US Census data from
1960 to 2000 to control for increases in supply of skilled labour, compositional effects, and
reductions in the quality of college graduates, finding that the college skill premium grew 20
percent across the period. The conclusion drawn from the findings indicated that the growth
of the skill premium in the presence of considerable growth in the supply of college graduates
was due to the technological developments in that time period increasing the demand for
skilled workers relative to unskilled workers; Skill-Biased Technical Change.
Bound and Johnson (1992) discuss how the increasing wage differential by educational
attainment during the 1970s and 1980s was a result of such Skill-Biased Technical Change in
the period. This technological development is shown in Gordon (1990) and DiCecio (2009)
to have caused large declines in the price of capital investment in the post-war US econ-
omy, increasing firm investment in capital and increasing the employment of skilled workers
(Caselli (1999) and Violante (2008)). These shocks are of great significance in explaining
economic growth in this period, with Greenwood et al. (1997) finding that 60 percent of
growth in output per hour worked could be explained by these shocks. Prasad (1996) found
that introducing heterogeneous labour into Real Business Cycle (RBC) models improved the
ability of such models to match microeconomic data on the correlation between total hours
and wages, although finding too that it did not match the correlation between total hours
and labour productivity.
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Krusell et al. (2000) is a landmark work in the literature as it developed the standard
model in the heterogeneous labour input macroeconomic literature, using the Constant Elas-
ticity of Substitution (CES) production function form, with skilled and unskilled labour, and
equipment and structural capital. The paper outlines the basic production function for the
literature, how to measure the growth of Skilled-Biased Technical Change, and assess its
quantitative importance. The paper finds that in explaining the movement of the skill pre-
mium, the Capital-Skill Complementarity component is vital. Without the complementarity
structure, the finds show that the increase in skilled labour would have reduced the skill
premium by 40 percent, as opposed to the 20 percent increase established in the literature.
In the same period, Greenwood et al. (2000) used an Investment-Specific Technical
Change, referred to as Investment-Biased Technical Change in Balleer and Van Rens (2013),
to explain trends seen in the US economy. Rather than the shock increasing the productivity
of skilled labour studied prior, this shock was biased towards the production of new invest-
ment goods to explain the negative comovement seen in the price of new equipment and
equipment investment. This shock, used to explain the rapid increase in the equipment-to-
GNP ratio, explained 30 percent of the variation in output per man hours worked at business
cycle frequencies. The measurement of Investment-Specific Technical Change was based on
Gordon (1990) quality-adjusted capital price indices, which looked to establish measures of
the price of capital accounting for quality improvements and technical advances. This was
expanded in Cummins and Violante (2002), who devised constant quality adjustments from
Gordon (1990) prices.
Although Krusell et al. (2000) matches the skill premium growth found in the data, later
works point out some of the deficiencies in the model predictions in matching empirical
data. Lindquist (2004) finds that in a model using the production technology of Krusell
et al. (2000), the application of the complementarity structure is the only approach that
successfully replicates the skill premium volatility and cyclicality at business cycle frequen-
cies, but fails in other respects. The model is shown to generate greater volatility in skilled
hours, less volatility in skilled wages, and more procyclicality in wages than seen in the data.
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DiCecio (2009) reaches a similar conclusion, commenting that in models with shocks to a
capital producing sector, nominal wage frictions are necessary to match sector co-movement
and cyclicality in wages.
However, Balleer and Van Rens (2013), report that the data suggests that capital is a rel-
ative substitute for skilled labour, rather than a complement as previous literature suggests.
Using Current Population Survey quarterly data for 1979:I – 2006:II, they estimate Bayesian
VARs with long run and sign restrictions to identify parameters from Krusell et al. (2000)
and find that following an Investment-Specific Technology Shock that reduces the price of
capital, the skill premium earned by skilled workers declines, suggesting capital and skilled
labour are instead relative substitutes. Balleer and Van Rens (2013) claim that the baseline
estimates in Krusell et al. (2000) allow for Investment-Neutral Technical Change but not
Skilled-Biased Technical Change, so that the relationship between the skill premium and the
price of capital investment is a spurious conclusion drawn from the downward trends in the
price of capital investment and upwards trend in the skill premium. Balleer and Van Rens
(2013) argue that this negative correlation becomes positive if both series are detrended,
thus removing the Capital-Skill Complementarity result.
Discussing the work of Lindquist (2004) at business cycle frequencies, Balleer and Van Rens
(2013) demonstrate that although the model can replicate the movement of the skill pre-
mium, it generates incorrect correlation between the skill premium and the price of capital
investment. The paper continues by showing that recalibrating the model so that capital
and skilled labour are mild substitutes rectifies this.
McAdam and Willman (2018) also report findings that dispute the existence of Capital-
Skill Complementarity. Using US Current Population Survey and Bureau of Labor Statistics
data from 1964 to 2009, following the methodology in Acemoglu and Autor (2011), to es-
timate nonlinear Seemingly Unrelated Regression estimation methods, they conclude that
whilst Capital-Skill Complementarity can be supported by the data, the most likely model
is where skilled and unskilled labour is aggregated and then combined with capital. This
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removes any complementarity structure from the skill premium. Discussing their results,
they outline how Krusell et al. (2000) represents a special case, as the CES production
technology using capital equipment, skilled labour and unskilled labour, is nested inside a
Cobb-Douglas relationship with structural capital. They discuss how this form imposes a
pure Hicks-Neutral Technical Change, which is proven to not match empirical data as well
as other forms.
Therefore, while much literature has established a complementarity link between capi-
tal and skilled labour, current macroeconomic approaches to replicating this within models
appears to suffer some deficiencies. This paper therefore looks to estimate a dynamic macroe-
conomic model and shed light on the shortcomings that have been identified in the literature.
2.3 Data Description
The data used here is the data presented in chapter 1 following the approach used by Balleer
and Van Rens (2013). A quarterly, seasonally adjusted, series for the skill premium, (log)
wages of unskilled workers, relative supply of skilled workers, and relative hours worked is
constructed using the Current Population Survey (CPS) Merged Outgoing Rotation Groups
(MORG) in the USA, running from 1979:I to 2015:IV. Data for wages and hours are com-
prised of an average of 35,000 workers per quarter. The series have been adjusted for sea-
sonality using the X-12 ARIMA process.1
The remaining data series are collected from the Federal Reserve Economic Database
(FRED). Output, productivity, and total hours worked are non-farm business values indexed
at 2009 as reported in the Bureau of Labor Statistics (BLS) Major Sector Productivity and
Costs Programme. The relative price of capital investment, following the approach taken by
DiCecio (2009), is calculated as the investment deflator divided by the consumption deflator.2
1The X-12 adjustment has ARIMA (4,1,1) specification, using four autoregressive components and one
moving average component for an integrated order one series, and the Seasonal ARIMA (1,1,1), using one
autoregressive components and one moving average component for an integrated order one series.
2A further specification of the model also used a consumption observable series with personal consumption
expenditure on nondurable goods indexed at 2009. This is calculated in accordance with the National
91
Appendix 2.1 shows the contemporaneous correlation for the skill premium, relative hours
worked by skilled workers, and the wages of low skilled workers with output, total hours
worked, aggregate labour productivity, and the relative price of capital investment for the
sample period 1979:I to 2015:IV. In levels, all the series are highly correlated due to the
presence of an underlying trend. Without transformation, skill premium and wages of low
skilled workers are positively correlated with output, total hours, and productivity, while
negatively correlated with price of capital investment. On the other hand, relative hours
worked is negatively correlated with output, total hours, and productivity, and positively
correlated with price of capital investment.
Using the first difference of each series, the skill premium becomes acyclical and uncor-
related with all series. This is consistent with the findings of Keane and Prasad (1993),
Lindquist (2004), and Balleer and Van Rens (2013) at business cycle frequencies. Relative
hours worked is only significantly correlated with output and total hours, both of which
are negative. This result, which shows the ratio of hours worked by skilled workers and
unskilled workers, is consistent with compositional bias as it shows that as output and total
hours increase, unskilled labour employment increases relative to skilled workers.
Using Hodrick-Prescott and Baxter-King Bandpass filtering approaches, stronger corre-
lations are found compared to the first difference approach. Relative hours worked becomes
significantly correlated with all other series in both filters, with negative correlation with
output, total hours, and price of capital investment, and a positive correlation with pro-
ductivity. The skill premium, which was entirely uncorrelated in all comparisons in first
differences, becomes positively correlated with productivity but negatively correlated with
price of capital investment. However, nearly all coefficients become insignificant with a 5%
level of significance. This lack of correlation will be explored further in the estimation results
Income and Product Accounts (NIPA) guidelines using personal consumption expenditure on nondurable
goods chain-type price index (FRED ID: DNDGRG3M086SBEA) and chain-type quantity index (FRED ID:
DNDGRA3M086SBEA) as reported in the US Bureau of Economic Analysis (BEA) Personal Income and
Outlays as part of the National Economic Accounts. This also included a measurement error shock in the
consumption observable series. This had a negligible impact on model estimations and is not reported here.
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in Section 5.
2.4 Model
2.4.1 Two-Level CES Production Technology
The production technology considered is a two-level three factor CES production function
with capital, skilled labour, and unskilled labour inputs. In the baseline model, capital and
skilled labour inputs are combined to produce Xt:
Xt =
(
γ
(
ZKt Kt−1
) ν−1
ν + (1− γ) (ZSt HSt ) ν−1ν ) νν−1 (2.1)
The nested production technology features two technical processes, a Capital-Augmenting
Technical Change, ZKt , and a Skilled Labour-Augmenting Technical Change, Z
S
t , a factor
income share parameter, γ, and an elasticity of substitution parameter, ν.3 This is then
combined with unskilled labour and used as an input in the good, Yt:
Yt = Z
Y
t
(
ζ (Xt)
σy−1
σy + (1− ζ) (ZUt HUt )σy−1σy ) σyσy−1 (2.2)
This function features an Unskilled Labour-Augmenting Technical Change, ZUt . There is
also a Hicks-Neutral Technical Change shock, ZYt , factor share parameters, ζ, and an elas-
ticity of substitution parameter σy. All Technical Change processes are expressed Z
j
t = e
zjt
where zjt is an AR(1) process with a mean of 0, so Z
j
t has a mean of 1.
This follows the standard form of production functions used in literature examining the
skill premium as first outlined by Krusell et al. (2000). However, it does not differentiate
between structure and equipment Capital and does not nest the CES production technology
within a Cobb-Douglas. McAdam and Willman (2018) discuss the limitations of the Cobb-
3Leo´n-Ledesma et al. (2010) state that a biased technical change occurs when inputs are gross substitutes
so that for two inputs {µ1, µ2} and related technical change processes {Zµ1 , Zµ2}, ∂(Fµ1/Fµ2 )∂(Zµ1/Zµ2 ) > 0 with σ > 1.
Therefore, while biased technical changes are possible in this model, the more general form augmenting
technical change will be used.
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Douglas function in this analysis as it imposes that the total factor productivity shock is
common to all input factors.
2.4.2 Normalisation
Following the discussion in Cantore and Levine (2012), the normalisation process is applied
to remove the units of measurement for inputs in the production function, which may vary
from input to input. Keeping these ‘dimensions’ means that technology shocks are depen-
dent on the unit of measurement and need to have a constant so that the inputs end up
with the same unit of measurement as output. This problem can be resolved by dividing the
production function by the steady state. This removes the unit of measurement as all terms
become movement around their relevant steady states.
Using the Cobb-Douglas example from Cantore and Levine (2012), the dimensionsRy, Rk, Rl
are given to output, capital and labour respectively. Output per peroid is given RyT
−1, with
T denoting time, labour is RlT
−1, and capital stock is given Rk = RyT−1T = Ry as it is ac-
cumulated output overtime. Under the standard Cobb-Douglas in a no-growth steady-state:
Y0 =
(
Z l0L0
)1−α (
Zk0K0
)α
(2.3)
the dimensionality can be expressed,
Ry
T
=
(
Z l0
Rl
T
)1−α (
Zk0Ry
)α
(2.4)
This gives dimensions of Zk0
α
Z l0
1−α ∈ [R1−αy Rα−1l T−α] so as to give the same units as Y ,
which depends on α, creating dimensional constants to scale the function. However, if all
terms are given as deviations around the steady state values Y0, K0, L0, the dimensions are
removed as the steady state has the same dimensions,
Y
Y0
=
(
L
L0
)1−α(
K
K0
)α
(2.5)
94
As the dimensions have been removed, the steady-state technical changes are removed
as no constant is needed to match units when Y = Y0, L = L0 and K = K0. This can be
further simplified by choosing units so that N0 = 1 and K0 = 1 for the steady state baseline,
so that Y0 = 1. Under this approach, Z
k
0
α
Z l0
1−α
= 1 and so, without specifying units, Zk0
and Z l0 are independent of α.
This approach can be applied to the CES production function but is more complex.
Firstly, the dimensional constraints are removed by setting steady state Zk0 = Z
l
0 = 1 so the
dimensions of the share parameters can be recovered. Specifying a standard two-input CES,
the dimensions of αl and αk can be calculated,
Y0 =
(
αl (L0)
σ−1
σ + αk (K0)
σ−1
σ
) σ
σ−1
(2.6)
Ry
T
=
(
αl
(
Rl
T
)σ−1
σ
+ αk (Ry)
σ−1
σ
) σ
σ−1
(2.7)
αl = R
σ−1
σ
y R
1−σ
σ
l (2.8)
αk = T
1−σ
σ (2.9)
Therefore, while the dimensionality of Zk0 and Z
l
0 has been resolved, the dimensionality
of αl and αk still needs to be resolved to make them independent of σ. One approach to
resolve this is to reparameterise the share parameters. In the stationary (no-growth) model,
the parameters are found by dividing the CES by the steady state,
Y0
Y0
=
(
αl (L0)
σ−1
σ + αk (K0)
σ−1
σ
αl (L0)
σ−1
σ + αk (K0)
σ−1
σ
) σ
σ−1
(2.10)
pi =
αlL
σ−1
σ
0
αl (L0)
σ−1
σ + αk (K0)
σ−1
σ
=
αlL
σ−1
σ
0
Y
σ−1
σ
0
(2.11)
95
1− pi = αkK
σ−1
σ
0
αl (L0)
σ−1
σ + αk (K0)
σ−1
σ
=
αkK
σ−1
σ
0
Y
σ−1
σ
0
(2.12)
αl = pi
(
Y0
L0
)σ−1
σ
∈
[(
Ry
Rl
)σ−1
σ
]
(2.13)
αk = (1− pi)
(
Y0
K0
)σ−1
σ
∈
[
T
σ−1
σ
]
(2.14)
Using parameters pi, 1− pi removes the dimensionality problem in the model.4 The al-
ternative approach, which is used in this chapter and the next chapter, normalises the CES
function around the steady-state to get the deviation form,
Yt
Y0
=
αl (ZLt Lt)σ−1σ + αk (ZKt Kt)σ−1σ
αl (ZL0 L0)
σ−1
σ + αk (ZK0 K0)
σ−1
σ
 σσ−1 (2.15)
Yt
Y0
=
 αk
(
ZKt Kt
ZK0 K0
)σ−1
σ
αk + αl
(
ZL0 L0
ZK0 K0
)σ−1
σ
+
αl
(
ZLt Lt
ZL0 L0
)σ−1
σ
αl + αk
(
ZK0 K0
ZL0 L0
)σ−1
σ

σ
σ−1
(2.16)
With the further normalisation of Y0 = Z
L
0 = Z
K
0 = 1, the normalised CES can be sim-
plified, showing that it results in the same share parameters as under the reparameterisation
approach,
Yt
Y0
=
(
(1− pi)
(
ZKt Kt
K0
)σ−1
σ
+ pi
(
ZLt Lt
L0
)σ−1
σ
) σ
σ−1
(2.17)
pi = αL
L
σ−1
σ
0
Y
σ−1
σ
0
→ αl
Y
σ−1
σ
0
=
pi
L
σ−1
σ
0
(2.18)
1− pi = αKK
σ−1
σ
0
Y
σ−1
σ
0
→ αk
Y
σ−1
σ
0
=
1− pi
K
σ−1
σ
0
(2.19)
This normalisation approach is applied at each level of the CES in accordance with
Klump and de La Grandville (2000), Cantore and Levine (2012), and Cantore et al. (2014)
to account for the CES function being nonlinear in logs. Therefore, the CES production
4Complete derivation of the remaining model is shown in Cantore and Levine (2012), while Appendix 2.2
shows the model in this chapter in terms of dimensionless parameters
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function is specified with variables relative to a constant value:
Yt = Z
Y
t Y0
ζ ( Xt
X0
)σy−1
σy
+ (1− ζ)
(
ZUt H
U
t
HU0
)σy−1
σy

σy
σy−1
(2.20)
Xt = X0
(
γ
(
ZKt Kt−1
K0
) ν−1
ν
+ (1− γ)
(
ZSt H
S
t
HS0
) ν−1
ν
) ν
ν−1
(2.21)
(Y0X0H
S
0 H
U
0 K0 ) are the steady state values for each of the respective variables. Imple-
menting normalisation means that in the steady state, Yt = Y0 and Xt = X0, which can both
be set to 1. Using the further normalisation, so Y0 = X0 = Z
S
0 = Z
U
0 = Z
K
0 = Z
Y
0 = 1, the
steady state share parameters, ζ and γ, become functions of dimensionless parameters,
ζ =
α + w˜
(
1− h˜
)
1 + w˜
(
1− h˜
) (2.22)
γ = 1− 1− α− (1− ζ)Y0
ζ
(2.23)
Where α is the capital share, w˜ is the steady state skill premium, and h˜ is the steady state
ratio of skilled hours worked to unskilled hours worked. The value of all these parameters
are given in the parameterisation section. The introduction of normalisation mean that
parameters ζ and γ can be interpreted as input share parameters so that in steady state, the
prices of inputs equals their respective share parameters. The marginal products of inputs
are given,
f ′ (Xt) = ζ
(
Y0 Z
Y
t
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(2.24)
f ′
(
HUt
)
= (1− ζ)
(
Y0 Z
Y
t Z
U
t
HU0
)σy−1
σy
(
Yt
HUt
) 1
σy
(2.25)
f ′
(
HSt
)
= (1− γ) ζ
(
Y0 Z
Y
t
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(
X0 Z
S
t
HS0
) ν−1
ν
(
Xt
HSt
) 1
ν
(2.26)
f ′ (Kt−1) = γ ζ
(
Y0 Z
Y
t
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(
X0 Z
K
t
K0
) ν−1
ν
(
Xt
Kt−1
) 1
ν
(2.27)
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Using this normalised form, the capital share of output, ζγ = rK0
Y0
, is calibrated to the
standard literature capital share, α = 0.3. The labour share remaining is then allocated to
skilled and unskilled labour based on the parameterisation of the model,
WUHU0 = (1− ζ), W SHS0 = ζ(1− γ), pxX0 = ζ, rK0 = ζγ
2.4.3 Skill Premium
Using the baseline specification of the production function without nominal frictions, the
skill premium is given:5
skpt = log
(
ζ (1− γ)
1− ζ
)
+
σy − 1
σy
log
(
ZSt
ZUt
)
︸ ︷︷ ︸
Relative Labour
Technical Change
− 1
σy
log
(
HSt
HUt
)
︸ ︷︷ ︸
Relative Employment
of Skilled Labour
+
σy − 1
σy
log
(
HU0
HS0
)
(2.28)
+
σy − ν
σy(ν − 1) log
(
1− γ + γ
(
ZKt Kt−1
ZSt H
S
t
) ν−1
ν
(
HS0
K0
) ν−1
ν
)
︸ ︷︷ ︸
Relative Elasticity of Substitution
As income share parameters and steady-state variables values are constant,
log (ζ (1− γ) /(1− ζ)) and log (HU0 /HS0 ) are constant terms and so can be omitted when
looking at the changes in the skill premium.
log
(
ZSt /Z
U
t
)
gives the Relative Labour Technical Change. The effect of the term de-
5In Lindquist (2004), the skill premium is given SKP t = log
(
ζ(1−γ)
1−ζ
)
− 1σy log
(
HSt
HUt
)
+
σy−ν
σy(ν−1) log
(
1− γ + γ
(
Kt−1
ZSt H
S
t
) ν−1
ν
)
, while in Balleer and Van Rens (2013), the skill premium is SKP t =
log
(
ζ(1−γ)
1−ζ
)
− 1σy log
(
HSt
HUt
)
+
σy−1
σy
log
(
ZSt
ZUt
)
+
σy−ν
σy(ν−1) log
(
1− γ + γ
(
Kt−1
ZSt H
S
t
) ν−1
ν
)
. The equivalent
form in this paper would be SKP t = log
(
ζ(1−γ)
1−ζ
)
+
σy−1
σy
log
(
ZSt
ZUt
)
− 1σy log
(
HSt
HUt
)
+
σy−1
σy
log
(
HU0
HS0
)
+
σy−ν
σy(ν−1) log
(
1− γ + γ
(
Kt−1
ZSt H
S
t
) ν−1
ν
(
ZKt H
S
0
K0
) ν−1
ν
)
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pends on the sign of the coefficient, (σy − 1) /σy. In the case that unskilled labour is a
substitute for both skilled labour and capital inputs, so that σy > 1, the coefficient is pos-
itive. This means that a positive Skilled-Augmenting Technical Change shock, increasing
aggregate labour productivity, or a negative Unskilled-Augmenting Technical Change shock,
decreasing aggregate labour productivity, increases the Relative Labour Technical Change,
which has a positive effect on the skill premium.
The term log
(
HSt /H
U
t
)
is the Relative Employment of Skilled Labour. As the substi-
tution parameter for unskilled labour is bounded, σy > 0, this term always has a negative
coefficient, giving a downward sloping labour demand curve. This means that as skilled
labour is relatively more employed than unskilled labour, the earnings of skilled labour rel-
ative to unskilled labour is decreasing.
log
(
1− γ + γ (ZKt Kt−1/ZSt HSt ) ν−1ν (HS0 /K0) ν−1ν ) gives a ’Relative Elasticity of Substi-
tution’ term. This is gained from having the nested CES function containing skilled labour
while unskilled labour only enters at the top level function. This differentiates the degree
of substitution for each type of labour with capital, resulting in a term that effects the skill
premium differently depending on the relative value of the parameter ν compared to σy, and
the absolute value of parameter ν. The coefficient for the term is positive in two possible
scenarios.
Firstly, in the case σy > ν, so that skilled labour is a relative complement to capital
compared to unskilled labour, and ν > 1, so that skilled labour is a substitute for capital
inputs. In this case, with ν − 1 > 0, increases in capital or Capital-Augmenting Technical
Change have a positive effect on the term and a positive effect on skpt, whilst increases in
Skilled-Augmenting Technical Change or skilled labour decrease the term and have a nega-
tive effect on skpt.
Secondly, when σy < ν, so that skilled labour is a relative substitute to capital compared
to unskilled labour, and ν < 1, so that skilled labour is a complement to capital. Under
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these parameters, with ν − 1 < 0, increases in capital or Capital-Augmenting Technical
Change reduce the term and has a negative effect on the skill premium, while an increase in
Skilled-Augmenting Technical Change or skilled labour increase the term and have a positive
effect on the skill premium.
2.4.4 RBC Model
The model features two types of household, normalised to j ∈ (0, 1). Proportion j ∈ (0, λ]
provide skilled labour, HSt , while consuming C
S
t , while the remaining j ∈ (λ, 1) households
provide unskilled labour, HUt , whilst consuming C
U
t . Both households have identical CRRA
utility functions following King et al. (1988):
U
(
Cjt , H
j
t
)
=
(
Cjt
1−%(
1−Hjt
)%)1−σc − 1
1− σc (2.29)
The household problem is solved by a Social Planner who chooses consumption and
labour for both households, with savings held in capital, Kt, to maximise a weighted sum of
expected utility:
max
{CSt ,CUt ,HSt ,HUt ,Kt,}
E
∞∑
k=0
βk{ψU (CSt , HSt )+ (1− ψ)U (CUt , HUt )}
s.t. λCSt + (1− λ)CUt +Kt = λW St HSt + (1− λ)WUt HUt +RtKt−1 − Tt
where ψ is a Social Planner weight on the skilled household and λ is population share of
skilled workers in the economy. Household variables are denoted with superscript s for skilled
workers, and u for unskilled worker. Gross returns on capital are denoted Rt = rt + 1 − δ,
where rt is the rental rate of capital and δ is the depreciation rate, and lump sum tax, Tt, is
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paid to the government. Solving the household problem,
1− ψ
1− λU
′
CUt
=
ψ
λ
U ′CSt (2.30)
U ′
Hjt
U ′
Cjt
=−W jt , j ∈ {s, u} (2.31)
1 =E
[
β
U ′
Cjt+1
U ′
Cjt
Rt+1
]
, j ∈ {s, u} (2.32)
Firms acquire labour and capital inputs in the CES production technology in perfect
markets, yielding factor demand functions,
pxt = ζ
(
Y0 Z
Y
t
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(2.33)
wut = (1− ζ)
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(2.34)
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rkt = γ ζ
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(2.36)
The purchase of capital is governed by a law of motion, where the new capital stock is
determined by existing capital, which depreciates, and investment.
Kt = It Z
I
t +Kt−1 (1− δ) (2.37)
Qt =
1
ZIt
(2.38)
In this model, investment has an associated technology shock, ZIt that determines the cost
of investment. A positive technology shock acts to reduce the price of capital investment,
Qt, and increases the amount of investment made. The model is closed using the resource
constraint.
Yt = λC
S
t + (1− λ)CUt +Kt − (1− δ)Kt−1 +Gt (2.39)
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The government following a balanced budget, Tt = Gt, where Gt = gtYt and gt. All
technology shocks, ZYt , Z
S
t , Z
U
t , Z
K
t , the investment price shock, Z
i
t , the government spending
shock gt follow an exogenous AR(1) process. The full model is shown in Appendix 2.2.
2.4.5 Estimation Methodology
The model is estimated via Bayesian Methods with observable series for output, productivity,
relative hours worked by skilled labour, wages of unskilled labour, relative price of capital
investment, and aggregate consumption.
yobst = yt − yt−1 (2.40)
prodobst = yt − ht − (yt−1 − ht−1) (2.41)
relhobst = h
S
t − hUt −
(
hSt−1 − hUt−1
)
+ σht 
h
t (2.42)
skpobst = skpt − skpt−1 (2.43)
wuobst = w
U
t − wut−1 (2.44)
piobst = qt − qt−1 (2.45)
All observable variables enter the model as demeaned log first differences with steady
state values of 0. The observation equation for relative hours worked by skilled labour fea-
tures a measurement error shock, h. Measurement errors in the observation equations are
included in accordance with Justiniano et al. (2013) to collect noise in the measurement
of the observable variable. This is likely to exist as the survey data used to construct the
observable series rotates households and has varying size over the period used, as opposed
to the hours series used in constructing productivity. Therefore, it is unlikely to sum to the
same hours in each period, with the differences being captured in the error.
The Bayesian Estimation Approach combines pre-existing knowledge about the parame-
ters of interest with inferences drawn from data and the model. Firstly, a prior distribution
P (θm) is selected for each parameter in set θ from model m. These density functions are
selected based on information exogenous to the model about possible values the parameter
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may take.
This is combined with a likelihood function L (θm|YT ), where YT is T periods of obser-
vation data. This is a mathematical solution that shows what are the most probable values
for the model parameters given the observations in the data, estimated via Kalman Filter
recursion,
L (θm|YT ) = p (y0|θm)
T∏
t=1
p (yt|YT−1, θm) (2.46)
Applying Bayes Theorem, the posterior density of parameters can be derived from prior
distributions, containing exogenous information from economic theory, and the maximum
likelihood, containing information from the sample data,
p (θm|Yt) = p (YT |θm) p (θm)
p (YT )
(2.47)
The posterior density function is used to find the posterior kernel, which is proportional
to the density function but is not normalised by the data,
p (θm|Yt) ∝ p (YT |θm) p (θm) (2.48)
To estimate the parameters within this function requires the posterior distribution to be
simulated using Monte Carlo Markov Chain Metropolis-Hasting (MCMC-MH) algorithm.
This numerical method gives the parameter values most likely from the jointly simulated
posterior distribution θ∗m, which are then used in the model. In DYNARE, the model is
estimated using 4 parallel chains of 100,000 random draws, with the first 45% of draws from
the chain being discarded, with a target acceptance ratio of 25 percent.6
This means that when the model is estimated, it features 7 shocks, but only 6 observable
series. This raises a potential concern about the assumption of the model that agents have
perfect information. As discussed in Levine et al. (2019), this is only the case if agents are
6See Bedard (2008) for discussion on acceptance ratio.
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endowed with full information or are able to identify shocks from the history of observables.
As the number of shocks exceeds the number of observables, it is not possible to uniquely
identify the shocks. Therefore, it is assumed agents have full information in this model.
While this is implemented for estimating the parameters in this chapter, future works could
look to expand upon this assumption. It is illogical that the household can know the mea-
surement error, which is a random error made by econometricians, as if it were an economic
shock they had information on. An extension that could examine the effect of this assump-
tion would be to implement imperfect information so that agents only have information for
the observable series.
Canova and Ferroni (2019) identify two key problems when the number of shocks exceed
the number of observables used, Firstly, the shocks removed may aggregate disturbances of
different types which makes identifying a shock as a single structural shock harder as unless
restrictions are applied, only as many shocks as observables can be identified at time t and
hence has to feature some aggregation. Secondly, shocks tend to have stronger propagation
as effects can be aggregated across time. Therefore, if partial information is used in future
work, shocks may have smaller magnitudes and less propagation as the aggregations are
resolved.
2.4.6 Prior Distributions
The standard errors of all, σj for j =∈ {zy, zk, zu, zs, zi, g, h}, exogenous shock processes
are given inverse gamma prior distributions with mean 0.1 and standard deviation of 2. The
autoregressive parameters persistence parameters, ρj for j =∈ {y, k, u, s, g, i}, follow a beta
distribution with mean 0.5 and standard deviations of 0.2. These prior distributions are
selected following the methodology of Smets and Wouters (2007).
The elasticity of substitution parameters, σy and ν, are estimated using normally dis-
tributed priors. Both priors are given a mean of 1 and a standard error of 0.4.7 The list of
7It is possible to specify distributions where the results found in this report are not supported. Using
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prior distributions is shown in Appendix 2.3.
2.4.7 Parameterisation
Appendix 2.4 shows the calibrated values used for the model. The proportion of skilled work-
ers in the economy, λ, is set to 49.45 percent. This represents the share of the workforce in
the CPS MORG with a college degree of higher level of education. Steady-state percentage
hours worked by skilled labour relative to unskilled labour, h˜, is set to 9.29 percent. This is
calibrated from the average ratio of hours worked by skilled labour to unskilled labour over
the sample period, with the steady-state hours worked by an unskilled labourer calibrated
to HU0 = 0.33. The steady-state skill premium, w˜, calculated as the average ratio of wages
of skilled and unskilled workers in the CPS data over the sample period, is calibrated to 1.5.
The steady-state values of Y and X, Y0 and X0, are both calibrated to 1 in the steady-state,
as discussed in section 4.2.
The discount rate is set as β = 0.9874 and the household intertemporal elasticity of
substitution parameter, σc, is set to 1, following the calibration values of Lindquist (2004).
The capital share parameter, α = 0.3, and depreciation rate on capital stock, δ = 0.025, are
set per Smets and Wouters (2007). The results found are robust to alternative calibration
values. Using these values, the income share parameters, γ and ζ, the weight on leisure in
utility, %, the Social Planner weight on skilled worker utility, ψ, and steady-state capital
stock, K0, are fixed.
8
distributions with large means or where a significant proportion of the density is for values greater than 1 will
lead to results that reject Capital-Skill Complementarity. However, as per An and Schorfheide (2007), these
results can only be achieved using prior distributions that either exclude or give very low weight to regions
identified in existing literature as probable values for these parameters, giving rise to ”absurd parameter
estimates” associated with pure Maximum Likelihood Estimates of DSGE models.
8The steady-state of the model is given in Appendix 2.5.
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2.5 Estimation Results
Estimation results of the Posterior Distribution of estimated parameters are presented in
Appendix 2.6, with the posterior distributions and convergence statistics given in Appendix
2.7. Looking firstly at the shock processes, the majority of the shock processes exhibit char-
acteristics close to a random walk, with values of the autoregressive parameter above 0.95.
Only the Hicks-Neutral Technical Change shock differs, with a value closer to the 0.5 prior
mean suggesting that the neutral productivity shocks are less persistent in the data com-
pared to biased shocks. From Equation 2.20, the Relative Labour Technical Change term
can be seen to not have symmetrical responses to Skilled-Augmenting Technical Change
and Unskilled-Augmenting Technical Change shocks, as the Unskilled-Augmenting Techni-
cal Change process exhibits higher persistence.
Examining the sizes of the shocks themselves, greater differences can be seen. The Hicks-
Neutral Technical Change shock is very small in comparison to other shocks in the model,
due to the presence of many other biased productivity shocks also affecting production.
While Investment-Biased and Unskilled-Augmenting Technical Change shocks are of simi-
lar sizes, and Capital-Augmenting Technical Change shocks are half the size, the Skilled-
Augmenting Technical Change shock is much larger, with a magnitude roughly 4 times
the size of the Unskilled-Augmenting. Therefore, while the effect of Unskilled-Augmenting
Technical Change shocks on the Relative Labour Technical Change term will last relatively
longer, the Skilled-Biased Technology Shocks are much larger in the data.
The main results of interest are the posterior distribution of ν and σy. The posterior mode
indicates that σy = 2.9591 and ν = 0.2414 is the favoured parameterisation. These results
imply firstly that the Capital-Skill Complementarity Hypothesis is supported by the data,
with unskilled labour being relatively more substitutable with capital than skilled labour.9
Furthermore, unskilled labour is a substitute for both capital and skilled labour inputs, since
σy > 1. On the other hand, skilled labour is a complement to capital inputs as ν < 1. The
9The alternative, where skilled labour is a relative substitute compared to unskilled labour, has a lower
likelihood in the data. This will be shown in the Model Comparison Section.
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estimates are similar, although more extreme, in value to the calibration used by Krusell
et al. (2000) and Lindquist (2004), and are in keeping with the findings of Hamermesh and
Grant (1979) and Hamermesh (1993), who suggests that values for ν being less than 1.10
2.5.1 ν and σy: Skill Premium Narrative
Using the Skill Premium equation derived in section 4.3, the parameter estimates can be
used to look at the direct effects of shocks at business cycle frequencies on the Skill Premium.
skpt = log
(
ζ (1− γ)
1− ζ
)
+
σy − 1
σy
log
(
ZSt
ZUt
)
︸ ︷︷ ︸
Relative Labour
Technical Change
− 1
σy
log
(
HSt
HUt
)
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+
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σy
log
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)
(2.49)
+
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Relative Elasticity of Substitution
The estimation results find that σy > 1 as per Balleer and Van Rens (2013), so that
the interpretation of the Relative Labour Technical Change term parameter is the same.
The result shows that increases in the productivity of skilled labour relative to unskilled
labour has a positive effect on the skill premium, with firms substituting demand to more
productive inputs. As the estimated value of σy found here is greater than in Balleer and
Van Rens (2013), the magnitude of the coefficient is larger and so the Relative Labour Tech-
nical Change term has a greater effect on the skill premium.
For the Relative Elasticity of Substitution term, the estimates of both σy and ν, and the
values relative to each other, determine the effect of the skill premium, and is discussed by
Krusell et al. (2000). When σy > ν, so that skilled labour is relatively more complementary
10At the estimated steady state, the input share parameters calibrated give ζ = 0.735 and γ = 0.408,
compared to Lindquist (2004) finding 0.413 and 0.553. These findings are notably different, although they
are calibrated to match the data used in his paper.
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to capital inputs than unskilled labour, increased demand for capital equipment increases
the skill premium by increasing the relative demand for skilled labour.
They also highlight that the effect of a change in the capital (equipment)-skilled labour
ratio depends on the shape of the isoquant from the production technology. If the goods are
more substitutable than Cobb-Douglas (ν > 1), converging to perfect substitutes at ν =∞,
so that inputs are gross substitutes, and capital grows faster than skilled labour inputs, the
skill premium growth rate increases over time. However, if inputs are gross complements
(ν < 1), converging to a Leontief production function at ν = 0, the skill premium growth
rate would decrease.
From the estimated parameters, the Capital-Skill Complementarity Hypothesis is re-
tained but the coefficient for the Relative Elasticity of Substitution term is still negative due
to ν < 1. The value of ν not only determines the sign of the coefficient but the role of the
capital-effective skilled labour ratio in the production function. As ν−1
ν
< 0, and the coeffi-
cient is negative, an increase in ratio decreases the log term, so that it has a positive effect on
the skill premium. As the inputs are gross complements, the firm desires constant ratio that
maximises profits, rather than substituting between inputs. Increases in the capital-effective
skilled labour ratio therefore always increases the skill premium as long as σy > 1 and σy > ν.
2.6 Impulse Response Functions
Using the parameter estimates, Impulse Response Functions (IRFs) are presented showing
the response of the model to a temporary one standard deviation shock to the exogenous
variables, with the shock lasting a single period. The IRF show the percentage deviation
of variables from steady-state for the first 40 quarters following the temporary shock. All
figures are contained in Appendix 2.8.
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2.6.1 Unskilled-Augmenting Technical Change
The Unskilled-Augmenting Technical Change increases the relative productivity of unskilled
labour compared to skilled labour, resulting in increased productivity and output and a fall
in the skill premium on impact, as shown in Figure 2.4. This therefore generates counter-
cyclical patterns in the skill premium as it moves in the opposite direction to output. Looking
at the skill premium response, this movement is driven by the value of σy. If σy < 1, where
unskilled labour would be a complement to skilled labour and capital, the skill premium
response would become procyclical, and as σy converges to 1, it becomes acyclical.
The shock causes relative hours worked by skilled labour to fall as skilled hours worked
decline while unskilled hours worked increase. While the skill premium falls, the wages
for both types of workers increase. The demand for unskilled workers increases due to the
productivity shock, increasing both hours and wages. The effect on skilled labour wages
appears to be driven by some substitution effect between labour types and an income effect
from higher output. Households use the additional wealth to increase consumption, with
investment increasing but not by a statistically significant amount.
The shock has high persistence, with variables returning to steady state at very slow
rates. The shock appears to have a simple role in the model, causing firms to re-optimise
towards the now more relatively productive unskilled labour.
2.6.2 Capital-Augmenting Technical Change
Following a shock to Capital-Augmenting Technical Change, all variables show procyclical
responses, with output, unskilled wages, and skill premium all increasing. Acting as a boost
to productivity, although not labour productivity directly, the economy responses in a simi-
lar fashion to Unskilled-Augmenting Technical Change, with output increasing temporarily.
However, unlike Unskilled-Augmenting Technical Change, Capital-Augmenting Technical
Change also creates procyclical movements in the skill premium and relative hours worked,
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as shown in Figure 2.5. This is because it has a positive effect on firm output, increasing
demand for unskilled labour, but has a stronger complementary relationship with skilled
labour, so the effect is greater.
Looking at the skill premium equation, Capital-Augmenting Technical Change increases
the effective capital-skilled labour ratio in the Relative Elasticity of Substitution term. The
direction of the response of the skill premium is therefore dependent on the values of ν and σ.
Firstly, since ν < 1, making the indices negative, an increase in the effective capital-effective
skilled labour ratio has a negative effect on the overall log term. Secondly, since σy > ν
but ν − 1 < 0, the coefficient on the term in the equation is negative. Therefore, under the
parameterisation of the model, this increase in the effective capital-effective skilled labour
ratio produces positive movements in the skill premium.
The Capital-Augmenting Technical Change does not have a statistically significant im-
pact on either capital stocks or investment, although the rate of return on capital does fall
significantly. Instead, it appears to cause firms to increase skilled worker demand, with
skilled hours worked increasing and unskilled hours worked falling. The higher wages cause
an increase in consumption, with the fall in rental rate of capital meaning households do not
increase savings in this model.
2.6.3 Hicks-Neutral Technical Change
Figure 2.6 shows how following the Hicks Neutral-Technical Change shock, output, con-
sumption, productivity, and unskilled wages increase on impact, while the skill premium
and relative hours worked by skilled labour decrease, similar to the responses found follow-
ing an Unskilled-Augmenting Technical Change Shock. The response shows how after the
temporary neutral productivity shock, output increases, increasing productivity causing in-
creased demand for workers. The effects on demand for unskilled labour are initially higher
than skilled labour before turning negative, causing the relative hours worked by skilled
labour to turn from negative to positive. While the Hicks-Neutral Technical Change does
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not appear in the skill premium equation due to the neutral shock impacting productivity
of skilled and unskilled labour equally, increases in output appear to generate minor coun-
tercyclical movements in the skill premium and relative hours worked by skilled labour.
The Hicks Neutral-Technical Change shock exhibits the lowest persistence and small-
est shocks, as much of the effects on the supply side are allocated to augmenting technical
change. Therefore, the majority of the variables have reverted to steady-state following 40
quarters.
These findings are more consistent with compositional biases in labour demand, with
relative unskilled demand increasing in booms and falling in busts, while skilled wages and
demand appear more acyclical. Responses to an Unskilled-Augmenting Technology Shock
follow a similar pattern, although the effects are larger and less persistent.
While neutral productivity shocks usually drive cyclical patterns in macroeconomic mod-
els, here they are far less important. This is due to the number of technical change shocks
present in the model, which capture a lot of the shocks driving the economy. Therefore,
while the Hicks-Neutral Technical Change Shock has a contribution to explaining the busi-
ness cycle movements within this model, the majority of movement within output and the
skill premium is explained by biased technology shocks. The Hicks-Neutral Technical Change
shock is therefore not necessary to the model and could potentially be removed.
2.6.4 Skilled-Augmenting Technical Change
The responses to Skilled-Augmenting Technical Change are the result of the term appearing
in both the Relative Labour Technical Change term and in the effective capital-skilled labour
ratio contained within the Relative Elasticity of Substitution term. In calculating the effect
of Skilled-Biased Technical Change on the skill premium, the parameterisation determines
whether these two elements work in agreeing or conflicting ways.
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With the result that ν < σy and ν < 1, the coefficient on Relative Elasticity of Substi-
tution term is negative, which means that a positive shock to Skilled-Augmenting Technical
Change would cause the effective capital-skilled labour ratio to fall, which then has a neg-
ative effect on the skill premium. This conflicts with the effect from the Relative Labour
Technical Change term, which has a positive effect on the skill premium. The initial negative
responses in Figure 2.7 shows that the Relative Elasticity of Substitution term outweighs
the positive effect of the Relative Labour Technical Change term, causing countercyclical
movements at business cycle frequencies.
Following a Skilled-Augmenting Technical Change that increases the productivity of
skilled labour, this alters the ratio of inputs required as skilled labour becomes relatively
more productive, initially decreasing the amount of skilled labour required for a given level
of capital. With complementary inputs, the substitution effect is outweighed by the income
effect (where for perfect complements, no substitution effect exists), so that following a
positive Skilled-Augmenting Technical Change shock, demand for skilled labour will fall as
firms capital-effective skilled labour falls. Unlike the previous shocks however, the Skilled-
Augmenting Technical Change shock demonstrates some over shooting characteristics as it
returns to steady state. The relative hours worked by skilled labour turns positive 10 quar-
ters after the shock as skilled hours worked increases before eventually becoming positive
and unskilled hours falls below the steady state.
This pattern is also seen in the skill premium across the same horizon, switching from
negative on impact to positive 10 quarters after. This is because skilled labour wages also
switch from negative to positive, exceeding the size of the increase in unskilled wages. As
opposed to the previous shocks analysed, this results in strong positive movement in capital,
investment and the capital rental rate. This shift towards more saving to benefit from the
rate of return causes an initial fall in consumption, although this rapidly becomes positive
too as the rental rate returns to steady state and households reduce investment.
In addition to the skill premium fall, relative hours worked by skilled workers fall on
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impact. Unskilled wages and output increase in response, showing that while the firm de-
creases its demand for skilled labour, the firm increases its output following the shock, using
more unskilled labour in the process. As the effect persists and firms adjust, with skilled
labour increasing back towards steady state and capital stocks increasing, the firm substi-
tutes unskilled labour, causing their hours worked to fall below steady state and relative
hours worked by skilled labour to turn positive.
A main result of Lindquist (2004) was that capital-skilled labour ratio had a positive
and significant relationship at business cycle frequencies. With the parameter estimates in
this model, the same effect can be seen from changes in Unskilled-Augmenting and Skilled-
Augmenting Technical Change. Therefore, the findings of this paper support the inferences
from Lindquist (2004) as well as the Capital-Skill Complementarity Hypothesis, while also
giving insight into the acyclical skill premium movements at business cycle frequencies.
2.6.5 Investment-Biased Technical Change
The existing literature established the importance of shocks to investment in reducing
the price of capital to create growth from growing capital stocks. In the Long-Run, an
Investment-Biased Technical Change shock reduces the price of capital permanently, as per
DiCecio (2009), which shifts the demand for capital stock for profit maximising firms, who
re-optimise the combination of inputs used, leading to greater capital stock. However, at
business cycle frequencies, the skill premium equation shows that it only has an indirect
effect via changes in capital stock. In examining the effects at business cycle frequencies in
a zero-growth model, capital maintains a steady-state value while temporary Investment-
Biased Technical Change shocks will only cause temporary deviations.
Figure 2.8 shows the temporary but persistent fall in the cost of capital investment causes
firms to increase capital stock, increasing output, and reducing unskilled wages, relative hours
worked by skilled labour, and the skill premium on impact. After the initial fall, wages for
skilled and unskilled labour increase after 6 quarters when capital stocks have increased suf-
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ficiently, resulting in increases in skill premium and relative hours worked by skilled labour
above steady state levels. While skilled hours worked remained fairly consistent over the
horizon, unskilled hours worked switches from an initial positive response to a fall below the
steady state after 13 quarters, presenting a large compositional change.
As investment declines due to the price of capital returning to steady state after the
shock, households adjust their behaviour. The households increase consumption and reduce
the rate of saving. This reduction causes capital growth to slow, with output growth also
slowing but with both remaining above steady state levels.
2.7 Global Sensitivity Analysis
As the model is estimated for data collected from the US economy, the estimates show
that to best match the data, the skill premium must have a negative response to a Skilled-
Augmenting Technical Change shock on impact. This response is determined by the combi-
nation of parameters σy and ν.
Global Sensitivity Analysis (GSA) is implemented following the methodology described
in Ratto (2008). The approach uses Monte Carlo filtering to repeatedly simulate a model
for parameter values drawn from a sample distribution. 10,240 draws are made following
a quasi-random Sobol sequence for each parameter from the prior distribution used in the
model estimation. These values are used to simulate the model N times, subject to imposed
conditions, creating a distribution of pairwise values of parameters. The pairs are separated
into two subset; B contains n sets of values where the condition is met, and B¯ contains n¯
sets of values where the condition is not met, with n+ n¯ = N . These observations are used
to create empirical distribution of when the condition is met, fn(Xi|B), and when it is not,
fn¯(Xi|B¯).
This is applied to map regions of the parameter space that meet the behaviour B spec-
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ified, with the figures shown in Appendix 2.9. Here, the Stability analysis is used to find
pairs of {ν, σy} that give a negative response on impact by the skill premium to the positive
Skilled-Augmenting Technical Change and an Investment-Biased Technical Change shock.
This is used to simulate the distribution of values for elasticity of substitution parameters
that produce responses that match the data.
For each parameter, two empirical CDF distributions are reported. The blue CDF shows
the distribution of values where the behaviour is supported, fn(Xi|B), while the red shows
the distribution where it is not, fn¯(Xi|B¯). Here, the behaviour tested for is a negative
response on impact by the skill premium following a shock to Skilled-Augmenting Techni-
cal Change, so that blue co-ordinates give sets of parameter draws that support this outcome.
2.7.1 GSA: Skilled-Augmenting Technical Change
The simulations produce a clear nonlinear frontier that separates where combinations of σy
and ν give negative Skill Premium responses on impact. Examining the CDF plots, the
simulations show that for values of σy below 0.5 or ν below 0.6, the response of the skill
premium to an Skill-Augmenting Technical Change shock will always be negative on impact.
Considering the estimation results in section 5, where σy > 1, a negative response on
impact by the skill premium to a Skilled-Augmenting Technical Change shock is achieved if
ν is sufficiently smaller than 1. It is therefore not possible to identify the response to the
shock only using σy. Moreover, imposing the Capital-Skill Complementarity Hypothesis on
parameter calibrations is also not sufficient, as this only restricts ν < σy.
However, the parameter estimate ν = 0.2414 does fix the direction of response by the
Skill Premium to an SBTC shock on impact. Considering the bottom-right panel of figure
2.6, showing the CDF for values of ν, this estimate clearly falls well below the lowest value
of the CDF for positive responses. Therefore, while the value of σy is not able to identify
the direction of response here, the value of ν can.
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2.7.2 GSA: Investment-Biased Technical Change
While the Skilled-Augmenting Technical Change had a nonlinear relationship between elas-
ticity of substitution parameters, the simulations for the response of the skill premium to
Investment-Biased Technical Change shocks to values of ν and σy shows a linear relationship
between the parameters. For the estimated parameters found in this paper, the values fall
well inside the negative response region, as per the IRFs.
From the plots, an important inference can be drawn regarding the response of the skill
premium to Investment-Biased Technical Change and the Capital-Skill Complementarity
Hypothesis. The Capital-Skill Complementarity Hypothesis requires σy > ν, while the plot
σy = f(ν) in the top-right panel of figure 2.7 has a gradient greater than 1. Therefore, to
reject the Capital-Skill Complementarity Hypothesis in this production function specifica-
tion requires that the response of the skill premium to Investment-Biased Technical Change
at business cycle frequencies must be positive, since the region of the plot for σy ≤ ν only
contains positive responses.
On the other hand, retaining the Capital-Skill Complementarity Hypothesis can produce
positive or negative responses, depending on the combination of parameters. Since estimates
show a countercyclical response by the skill premium, the Capital-Skill Complementarity Hy-
pothesis must be retained in this specification of the production function.
2.8 Alternative CES Specifications
In the baseline specification of the model considered so far, Capital-Skill Complementarity
has been tested for in the Krusell et al. (2000) production function. If this hypothesis had
been rejected, the alternative would have been that skilled labour would have been a relative
substitute for capital compared with unskilled labour and that unskilled labour would have
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the same elasticity of substitution with skilled labour and capital.
The effect of this restriction is clearly seen in the skill premium equation as while the coef-
ficients depend on the estimated parameters, the specification of the equation is determined
by the ordering of inputs. This is concentrated in the Relative Elasticity of Substitution
term, which is derived from the partial derivative of the labour input within the nested CES
relative to the labour not included. As such, this specification cannot test whether unskilled
labour should be nested with capital, or if labour is aggregated together so that neither has
a relatively complementary relationship with capital.
McAdam and Willman (2018) examine the response of the skill premium to different pro-
duction function specifications using a nonlinear iterative Seemingly Unrelated Regression
(SUR) approach. Their main finding was that the production function proposed by Krusell
et al. (2000) is able to explain the data, but is outperformed when compared to alternative
specifications with a labour aggregator, where skilled and unskilled labour are combined in
a nested function, performing best in the 2-level and 3-level CES specifications. They also
find that values for the elasticity of substitution vary widely across specifications.
Therefore, the model is estimated for alternative specifications of the production func-
tion, allowing for a possible combinations of inputs in the Krusell et al. (2000) structure.
The results are then compared to find which form best matches the data. This comparison
is made using the Posterior Odds Ratio (Koop (2003)).
The CES becomes the generalised form of the specification used in Krusell et al. (2000).
ν is the elasticity of substitution parameter for the relationship between µ2 and µ3, while
σy is the elasticity of substitution parameter for the relationship between µ1 and µ2 and the
relationship between µ1 and µ3, as per the CES restriction. In this general form, σy > ν
means that µ3 is a relative complement to µ2 compared to µ1 (or that µ2 is a relative
complement to µ3 compared to µ1). Similarly, σy < ν means that µ3 is a relative substitute
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to µ2 compared to µ1 (or that µ2 is a relative substitute to µ3 compared to µ1).
Yt = Z
Y
t
(
ζ (Xt)
σy−1
σy + (1− ζ) (µ1)
σy−1
σy
) σy
σy−1
(2.50)
Xt =
(
γ (µ2)
ν−1
ν + (1− γ) (µ3)
ν−1
ν
) ν
ν−1
(2.51)
Three arrangements of inputs are now possible. As per the baseline specification, capital
and skilled labour can be combined in the nested component Xt, so that µ1 is Unskilled
Labour, µ2 is capital, and µ3 is skilled labour. Additionally, unskilled labour and capital
can be combined in Xt as nested capital-unskilled labour, so µ1 becomes skilled labour, µ2
is capital, and µ3 is unskilled labour. Finally, Xt can be a labour aggregator, with µ1 as
capital, µ2 as skilled labour, and µ3 is unskilled labour.
There are also four possible combinations for the initial draw value from prior distribu-
tions for the elasticity of substitution parameters. The baseline specification has ν < 1 and
σy > 1, following the parameter calibrations in Krusell et al. (2000), and starting with values
that support the Capital-Skill Complementarity Hypothesis, so that in the generalised form,
µ2 and µ3 are relative complements. The second combination considered is the counterpart
to this, where ν > 1 and σy < 1, so that µ2 and µ3 are relative substitutes. The third con-
sidered is with ν < 1 and σy < 1. This does not fix the relative substitutability of inputs as
ν may be greater than or less than σy, but ensures that all inputs are stronger complements
than in a Cobb-Douglas framework. The final form has ν > 1 and σy > 1, which ensures
all inputs are stronger substitutes than in a Cobb-Douglas. This results in 12 models being
compared.
Table 2.1: Model specifications
σy > 1,
ν < 1
σy < 1,
ν > 1
σy < 1,
ν < 1
σy > 1,
ν > 1
Y = f
(
HSt , X
(
HUt , Kt−1
))
Model 1.1 Model 1.2 Model 1.3 Model 1.4
Y = f
(
HUt , X
(
HSt , Kt−1
))
Model 2.1 Model 2.2 Model 2.3 Model 2.4
Y = f
(
Kt−1, X
(
HSt , H
U
t
))
Model 3.1 Model 3.2 Model 3.3 Model 3.4
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While the same normal distribution is used as the prior for the elasticity of substitution
parameters in all estimates, multiple versions of the model are run where the initial draw
values for elasticity of substitution parameters are set either above 1 (1.67) or below 1 (0.67)
corresponding to the model being implemented, despite the MCMC algorithm making ran-
dom draws from the same prior distributions.
The variations in the initial values is considered because as the parameters move closer
to 1, the Skill Premium equation components tend to have coefficients near infinite or near
0. These values are not favoured by the estimation approach as it tries to find values with
the greatest likelihood of explaining the data, so values close to 1 are rejected. Therefore,
by using initial values away from 1 and having a reasonable jump parameter in the MH
algorithm, the chain of values not cross the boundary at 1, even though values are drawn
from the same distribution.
This observation means it is not possible to simultaneously test complementary and sub-
stitutability, as once the chain starts either above or below 1, the acceptance ratio would
reject draws of values returning closer to 1. However, using this approach means that by
setting the initial values above or below 1, the four possible combinations of parameter in-
equalities can be considered without truncating or restricting the prior distributions.
2.8.1 Nested Capital-Unskilled Function
In this specification, the nested CES function, Xt, is produced by pairing capital inputs with
the unskilled labour input. This is then combined with skilled labour to produce Yt,
Xt =X0
(
γ
(
ZKt Kt−1
K0
) ν−1
ν
+ (1− γ)
(
ZUt H
U
t
HU0
) ν−1
ν
) ν
ν−1
Yt =Y0 Z
Y
t
ζ (Xt
X0
)σy−1
σy
+ (1− ζ)
(
ZSt H
S
t
HS0
)σy−1
σy

σy
σy−1
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Using this form, σy now acts as the elasticity of substitution parameter for skilled labour
with both capital and unskilled labour, while ν is the elasticity of substitution parameter
for unskilled labour and capital. Using the marginal products of the labour inputs, the skill
premium equation now becomes,
skpt =log
(
1− ζ
ζ(1− γ)
)
+
σy − 1
σy
log
(
ZSt
ZUt
)
− 1
σy
log
(
HSt
HUt
)
+
σy − 1
σy
log
(
HU0
HS0
)
(2.52)
+
ν − σy
σy(ν − 1)log
(
1− γ + γ
(
Kt−1
ZUt H
U
t
) ν−1
ν
(
ZKt H
U
0
K0
) ν−1
ν
)
The equation appears similar to the baseline model with the exception that the Relative
Elasticity of Substitution term now features the effective capital-unskilled labour ratio from
the relationship in the nested function. Under this specification, the production function can
be used to model Capital-Unskilled Complementarity, where ν < σy, or Capital-Unskilled
Substitutability, where ν > σy.
2.8.2 Nested Skilled-Unskilled Function
The final specification considered is the Labour Aggregator favoured by McAdam and Will-
man (2018). The nested CES function combines skilled and unskilled labour in the produc-
tion of Xt, which is then combined with capital to produce Yt,
Xt =X0
(
γ
(
ZUt H
U
t
HS0
) ν−1
ν
+ (1− γ)
(
ZSt H
S
t
HS0
) ν−1
ν
) ν
ν−1
Yt =Y0 Z
Y
t
ζ (Xt
X0
)σy−1
σy
+ (1− ζ)
(
ZKt Kt−1
K0
)σy−1
σy

σy
σy−1
In this form, σy gives the elasticity of substitution between Capital and labours, while ν
gives the elasticity of substitution between the different types of labour. As both types of
labour have identical relationships with capital, sharing a common substitution parameter,
the skill premium is not influenced by the capital stock. Therefore, while labour shocks
influence the skill premium movement, Investment-Biased Technical Change shocks would
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not,
skpt = log
(
1− γ
γ
)
− 1
ν
log
(
HSt
HUt
)
+
ν − 1
ν
log
(
ZSt
ZUt
)
+
ν − 1
ν
log
(
HU0
HS0
)
(2.53)
The skilled-unskilled specification features both the Relative Labour Technical Change
and the Relative Employment of Skilled Labour but not Relative Elasticity of Substitution
terms. While previous skill premium equations have featured both σy and ν, here the skill
premium is determined solely by the value of ν. In the case that skilled and unskilled labour
are more substitutable than Cobb-Douglas, ν > 1, the coefficient on the Relative Labour
Technical Change term is positive, so that an increase in the productivity of skilled labour
relative to unskilled labour has a positive effect on the skill premium.
2.8.3 Model Specification Comparison
The performance of the model specifications is compared using Posterior Odds Ratio,
POxy =
P (Mx|D)
P (My|D) =
P (D|Mx)P (Mx)
P (D|My)P (My) (2.54)
where P (D|Mx) is the maximum likelihood estimate of data D given model Mx, and P (Mx)
is the prior distribution attached to model Mx. Under Bayes Theorem, the posterior odds
distribution, P (Mx|D), is proportional to the product of the maximum likelihood and the
prior distribution of vector θ of parameters used in model M ,
P (θ|D) ∝ P (D|θ)P (θ) (2.55)
Using this the probability P (D|M) is calculated by integrating across θ,
P (D|M) =
∫
Θ
P (D|θ,M)P (θ,M)dθ (2.56)
In comparing the different model specifications, the prior over the model types (P (Mx))
is set equal for each type of model, so that the Posterior Odds Ratio becomes the Bayes
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Factor Ratio, comparing just the likelihood estimates,
BFxy =
P (D|Mx)
P (D|My) (2.57)
For the comparison, estimates from the different model specifications are used to calculate
the log marginal densities for each model used in the Posterior Odds Ratio comparison. Table
2.6 in Appendix 2.10 gives the parameter values under each of the specifications. Alternative
tests could also have been used to compare model performances. Prediction Pools, outlined
in Geweke and Amisano (2011) look to improve forecast accuracy by using a weighted com-
bination of models, as opposed to the Posterior Odds Ratio comparison that identifies a
single model as the most likely true model. Geweke and Amisano (2012) and McAdam and
Warne (2019) show that by using a weighted combination of models that maximises the log
score function could be used to produce more accurate values for the point estimations and
density function as it can extract information from all the models without assuming a single
model is correct. It would therefore also be possible to consider using such an approach to
compare the performance of the different specifications.
Comparing the Posterior Model Probabilities in Appendix 2.11, the nested Capital-
Unskilled Labour function with σy < 1 and ν < 1 (Model 1.3) is favoured in the data,
with the posterior distributions and convergence statistics in Appendix 2.12. In this com-
parison, the baseline specification (Model 2.1) is the fifth best performing model, behind the
nested labour aggregator with ν < 1 and σy < 1 (Model 3.2), nested skilled-capital with
ν < 1 and σy < 1 (Model 2.3), and the nested labour aggregator with ν > 1 and σy < 1
(Model 3.2).11
The findings of the comparisons presented here suggest the specification using the Krusell
et al. (2000) production function is outperformed in matching the data. However, the pre-
ferred form of the model still finds skilled labour to be more complementary to capital
11This model corresponds to the preferred 3-level and 2-level forms in McAdam and Willman (2018).
However, as this model uses a single capital input rather than differentiating into capital structures and
capital equipment, the capital goods would have to be restricted to perfect substitutes.
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than unskilled labour, meeting the definitions of Capital-Skill Complementarity defined in
Griliches (1969) and Krusell et al. (2000). In this form, the relative complementary rela-
tionship is still retained, since the elasticity of substitution is for skilled labour and capital
is lower than between unskilled labour and capital. This form also fixes the relationship so
that skilled labour is equally as complementary to unskilled labour as it is to capital.
This infers that capital and unskilled labour are complements, but are relatively more
substitutable and thus more interchanged with each other before being combined with more
complementary skilled labour. In the preferred model, skilled labour can be substituted
equally with either capital or unskilled labour, which may be a more preferred use of the
CES restriction while still retaining skilled labour being more complementary with capital.
The estimate results find that under all specifications, the model performs best when
all inputs are more complementary than Cobb-Douglas. This is in keeping with findings in
Jones (2005), Caselli and Coleman II (2006), and Leo´n-Ledesma et al. (2010) that when con-
sidering the short run, inputs are more complementary than in the long run. On the other
hand, estimates finding unskilled labour to have elasticity substitution between unskilled
labour and capital less than 1 differ from the calibrations used with much of the existing
literature, although the existing literature determining these parameter values is founded in
long run growth models.
The interpretation of coefficients in Equation 2.52 changes from having σy < 1. As op-
posed to the discussion in section 5.1, the Relative Labour Technical Change term coefficient
is now negative. This means that increases in the productivity of skilled labour relative to
unskilled labour now has a negative effect on the skill premium. Therefore, while the model
is found to best fit the data, and is able to fit the acyclical patterns of the skill premium
at business cycle frequencies, the interpretation of the components is less intuitive than the
form proposed in Krusell et al. (2000).
The business cycle moments from the estimated model in Appendix 2.13 feature some key
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differences to those moments found in the data in Appendix 2.1. Looking at the standard
deviation of skill premium, relative hours worked by skilled labour and unskilled wages, the
volatility is much higher in the estimated data.
The correlation between the series shows other differences. While the skill premium has
strong positive correlation with output, total hours worked, and productivity in data at lev-
els, and a strong negative correlation with the price of capital investment, it is almost always
uncorrelated when differenced or filtered. The estimated data from the model however, finds
strong correlation with hours, productivity and price of capital, although it does find no
significant correlation with output. Relative hours worked by skilled labour has significant
non-zero correlation in both the data and the model. However, it finds stronger relationships
at first differences and has opposite directions when compared to the data for productivity
and price of capital investment. Unskilled labour wages correlation matches very poorly,
with negative correlation at levels, and significant responses in first differences and filtered
series. The model finds that wages are typically uncorrelated with output, especially in the
skill premium. However, it creates much stronger comovement between hours and wages
than seen in the data
Comparing the size of the measurement error to other shocks and the movement in rela-
tive hours worked by skilled labour and productivity, which is also constructed using hours
data, it is likely that the measurement error has captured both the mismatches in the defini-
tions of hours worked in the two measures and some misspecification in the model.12 Looking
at the estimated moments of the model in Appendix 2.13, relative hours worked by skilled
labour is shown to be negatively and significantly correlated with output and productivity,
while positively correlated with total hours worked. In the data moments shown in Appendix
2.1, relative hours worked by skilled labour is negatively correlated with total hours worked.
As discussed in Lindquist (2004), these findings are consistent with common critiques of
12In Appendix 2.11, the measurement error can also be seen to be consistent across the specifications,
which would suggest that it captures these effects in all forms considered
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the standard RBC model. It suffers from stronger contemporary responses than the data
due to lack of friction, which causes excessive volatility and stronger responses, while also be
a contributing factor to the issues of the directions of responses, which was a key motivation
for the New Keynesian approach. Additions to reduce the strong contemporary correlations
should be made in the future, with the next chapter looking to build upon this by including
educational attainment to capture more of the labour market dynamics.
2.9 Conclusion
Using a real business cycle model with skilled and unskilled labour inputs and a production
function with Capital-Skill Complementarity as suggested by Krusell et al. (2000), data from
the US economy shows that skilled labour is a relative complement to capital compared to
unskilled labour at business cycle frequencies, supporting the Capital-Skill Complementarity
Hypothesis. Using Bayesian Estimation methods with data for the US economy from 1979:I
to 2015:IV, parameter estimates of σy = 2.9692 and ν = 0.2414 are found to be most likely.
These values are in keeping with estimations previously established in the literature. This
model estimate is found to match data series for output, labour productivity, relative hours
worked by skilled labour, skill premium, unskilled wages, price of capital investment, and
consumption in the US over the observed period.
The Impulse Response Functions demonstrate that at business cycle frequencies, the
Capital-Skill Complementarity Hypothesis produces substitution and income effects that
offset to produce acyclical patterns in the skill premium. This is caused by the elasticity
of substitution parameters and their relative values. The simulations show that the skill
premium has a negative response on impact to Skilled-Augmenting Technical Change and
Investment-Biased Technical Change shocks.
Using Global Sensitivity Analysis, the paper shows how, controlling for other variation,
the parametrisation of elasticity of substitution parameters determines the direction of the
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skill premium responses to shocks. The results show that while the Investment-Biased Tech-
nical Change has a linear relationship between parameters, appearing only once in the skill
premium equation, the Skilled-Augmenting Technical Change has an asymptotic relation-
ship between the elasticity of substitution parameters due to its multiple appearances in the
equation, generating offsetting income and substitution effects.
Using alternative specifications of the model, the paper finds that while the Capital-Skill
Complementarity Hypothesis is supported by the data, the Krusell et al. (2000) specifica-
tion of the model is outperformed in a Posterior Odds Comparison by a production function
featuring nested capital and unskilled labour inputs and both elasticity of substitution pa-
rameters are less than 1. This form of the model still maintains that unskilled labour is more
substitutable with capital than skilled labour.
While this paper gives important results about skill premium movements at business cycle
frequencies, it is unable to incorporate growth trends in the current form. Maliar and Maliar
(2011) discuss the implications of introducing balanced growth paths to the Krusell et al.
(2000) model and how the Uzawa Theorem restricts the model to either labour augmenting
growth, Cobb-Douglas form, or have all variables grow at equal rates, which prevents the
CES function used in this paper from being examined in steady-state growth models without
eliminating Investment-Biased Technical Change, fixing capital stocks, or labour augmenting
Technical Change to be identical.
Other literature has proposed alternative approaches to nest a Krusell et al. (2000) pro-
duction function within specifications that differentiate short run and long run functions.
Leo´n-Ledesma and Satchi (2018) propose a form where in the short run, firms are subject to
a fixed technology that augments Capital and Labour inputs, maximising profits by choos-
ing inputs. In the long run, the augmenting technology can also be optimised by the profit
maximising firm. This provides a powerful result that can incorporate Krusell et al. (2000)
production functions and balanced growth paths without violating Uzawa Theorem.
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One condition on the proposed model is that inputs must be gross complements in the
short run. The estimation results presented in this paper provides evidence that specifica-
tions where inputs are gross complements performs best in data. These findings therefore
not only provide estimates to be used when calibrating models going forward, but also sup-
port the approach proposed in Leo´n-Ledesma and Satchi (2018), with extending the model
to include these growth mechanisms offering a fruitful area of further research.
Returning to the model results at business cycle frequencies, an extension of the model
would be to introduce endogenous education of labour to transform unskilled labour to
skilled labour. Introducing household spending on education so that the share of skilled
labour is determined endogenously by household decision making rather than calibrations
of parameters would allow the model to better reflect decision making about human capital
investment and model the compositional bias in labour demand at business cycle frequencies.
A further extension to the model would be to introduce distortionary taxes and subsidies
by the government. This would allow the government to tax skilled and unskilled wages at
differentiated rates, creating a ’Graduate Tax’ effect where skilled workers are taxed at a
higher (or lower) rate than their unskilled counterparts. With the introduction of endoge-
nous household decision on acquiring skill, subsidies on purchasing education could also be
introduced, allowing the model to examine how subsidising higher education affect house-
hold choice and inequality. Creating a model where governments utilise optimal policy to
set taxes and subsidies based on an objective function would enable analysis and evaluation
of policy.
Finally, while calibrated models exist for other economies, estimation via Bayesian Meth-
ods would allow key parameters to be solved within the macroeconomic model using data.
Comparing results found here to other economies, such as the UK where the skill premium
and employment of skilled labour post-recession differs due to differences in the labour mar-
ket, would give more information about possible ranges of values for elasticity of substitu-
tion parameters. Ultimately, estimations of macroeconomic model parameters makes a key
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contribution to understanding skill premium observations seen in the US and in deciding
government policy on education going forward.
This chapter utilised the data approach from chapter 1 to estimate the parameters in the
DSGE model. The findings show that the conclusions drawn in chapter 1 about the possible
values of the elasticity of substitution parameters to generate the direction of responses in
the VAR estimates are supported by the DSGE model. The next chapter will use the data
methodology in chapter 1 and the DSGE model in chapter 2 to estimate a skill premium
model using UK data. It will also extend the model presented in this chapter to incorpo-
rate extensions that have been considered both in this chapter and elsewhere in the literature.
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2.10 Appendix 2.1: Business Cycle Moments in data
Table 2.2: Business Cycle Moments in data
Correlation
Levels Std Output Total Hours Productivity
Price of Capital
Investment
Skill Premium 0.0734 0.9554*** 0.9489*** 0.9152*** -0.9280***
Relative Hours Worked 0.0088 -0.5618*** -0.4092*** -0.6188*** 0.5942***
Low Skilled Wages 0.2821 0.9908*** 0.9231*** 0.9822*** -0.9856***
First Differenced
Skill Premium 0.0093 0.0566 -0.0038 0.0825 -0.0464
Relative Hours Worked 0.0034 -0.2173*** -0.1657** -0.1197 -0.0679
Low Skilled Wages 0.0073 -0.0461 0.1109 -0.1851** 0.0240
Hodrick-Prescott
Filter
Skill Premium 0.0070 0.0579 -0.0237 0.1567* -0.1975**
Relative Hours Worked 0.0030 -0.2702*** -0.4163*** 0.2869*** -0.2166***
Low Skilled Wages 0.0101 -0.2500*** -0.0338 -0.4132*** 0.1792**
Baxter King
Bandpass Filter
Skill Premium 0.0068 0.0819 -0.0103 0.1746* -0.1544*
Relative Hours Worked 0.0031 -0.2714*** -0.3961*** 0.2353*** -0.1563*
Low Skilled Wages 0.0079 -0.2123** 0.0226 -0.4450*** 0.1253
* denotes 10% significance, ** denotes 5% significance, *** denotes 1% significance.
The Hodrick-Prescott filter is calculated with λ = 1600.
The Baxter King Bandpass Filter is calculated for frequencies between 2 and 32 quarters, with K = 12.
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2.11 Appendix 2.2: Model Equations
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2.12 Appendix 2.3: Prior Distributions
Table 2.3: Prior Distributions
Dist. Mean Std. Dist. Mean Std.
σy Normal 1 0.4 ν Normal 1 0.4
ρi Beta 0.5 0.2 ρk Beta 0.5 0.2
ρy Beta 0.5 0.2 ρu Beta 0.5 0.2
ρg Beta 0.5 0.2 ρs Beta 0.5 0.2
σzi Invgamma 0.1 2 σzk Invgamma 0.1 2
σg Invgamma 0.1 2 σzu Invgamma 0.1 2
σh Invgamma 0.1 2 σzs Invgamma 0.1 2
σzy Invgamma 0.1 2
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2.13 Appendix 2.4: Calibrated Parameters
Table 2.4: Parameter Values
Parameter Value Description
β 0.987 Discount Factor
δ 0.025 Depreciation Rate
α 0.300 Capital Share
σc 1.000 Intertemporal Elasticity of Substitution
λ 0.495 Proportion of Skilled Labour
gss 0.100 Steady-State Government Spending-Output Ratio
X0 1.000 Normalised Steady-State Capital-Skill Output
Y0 1.000 Normalised Steady-State Output
HU0 0.330 Steady-State Unskilled Labour
w˜ 1.500 Steady-State Skill Premium
h˜ 0.093 HS0/HU0-1
K0 10.728 Steady-State Capital Stock
ζ 0.735 Capital-Skill Input Share
γ 0.408 Capital Input Share
% 0.684 Weight on Leisure in Utility
ψ 0.603 Social Planner Weight on Skilled Utility
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2.14 Appendix 2.5: Steady State Equations
Y = Y0 (2.81)
X = X0 (2.82)
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2.15 Appendix 2.6: Estimation Distributions
Table 2.5: Estimation Distributions
Parameters Prior mean
Posterior
mean
5% HPD
interval
95% HPD
interval
Prior dist. std
σy 1.000 2.9591 2.6134 3.3026 norm 0.4000
ν 1.000 0.2414 0.2024 0.2792 norm 0.4000
ρy 0.500 0.5052 0.1843 0.8363 beta 0.2000
ρu 0.500 0.9838 0.9741 0.9936 beta 0.2000
ρs 0.500 0.9655 0.9531 0.9785 beta 0.2000
ρk 0.500 0.9739 0.9642 0.9837 beta 0.2000
ρg 0.500 0.9523 0.9252 0.9789 beta 0.2000
ρi 0.500 0.9829 0.9678 0.9981 beta 0.2000
σzy 0.100 0.0950 0.0224 0.1702 invg 2.0000
σzu 0.100 3.5634 3.1201 4.0320 invg 2.0000
σzs 0.100 1.0157 0.8956 1.1453 invg 2.0000
σzk 0.100 6.7390 6.0124 7.4626 invg 2.0000
σi 0.100 1.1083 0.9996 1.2105 invg 2.0000
σh 0.100 1.8379 1.6635 2.0135 invg 2.0000
σg 0.100 7.0748 4.7801 9.2670 invg 2.0000
136
2.16 Appendix 2.7: Posterior Distributions and Con-
vergence Statistics
Figure 2.1: Prior and Posterior Plots for Capital-Skill Complementarity Production Function spec-
ification
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Figure 2.2: Log-Posterior and log-likelihood density Plots for Capital-Skill Complementarity Pro-
duction Function specification
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Figure 2.3: Multivariate Convergence Diagnostics Statistics for Capital-Skill Complementarity Pro-
duction Function specification
139
2.17 Appendix 2.8: DSGE Impulse Response Func-
tions
Figure 2.4: Impulse Response Functions to Unskilled-Augmenting Technical Change Shock
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Figure 2.5: Impulse Response Functions to Capital-Augmenting Technical Change Shock
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Figure 2.6: Impulse Response Functions to Hicks-Neutral Technical Change Shock
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Figure 2.7: Impulse Response Functions to Skilled-Augmenting Technical Change Shock
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Figure 2.8: Impulse Response Functions to Investment-Biased Technical Change Shock
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2.18 Appendix 2.9: Global Stability Analysis
Figure 2.9: Global Stability Analysis to Skilled-Biased Technical Change shock
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Figure 2.10: Global Stability Analysis to Investment-Biased Technical Change shock
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2.19 Appendix 2.10: Model Parameter Estimates
Table 2.6: Model parameter estimates
Model σy ν ζ γ ρy ρu ρs ρk ρg ρi σzy σzu σzs σzk σi σh σg
1.1 3.29 0.48 0.57 0.53 0.50 0.94 0.97 0.98 0.96 0.99 0.10 8.86 1.06 7.91 1.11 1.83 7.90
1.2 0.04 2.74 0.57 0.53 0.51 0.96 0.94 0.96 0.88 0.98 0.07 3.34 1.14 3.36 0.48 1.83 1.68
1.3 0.10 0.27 0.57 0.53 0.52 0.96 0.97 0.98 0.96 0.97 0.07 1.69 1.24 1.21 0.48 1.83 0.60
1.4 2.57 3.11 0.57 0.53 0.50 0.98 0.98 0.90 0.77 0.96 0.07 1.62 2.29 5.58 0.48 1.83 3.93
2.1 2.96 0.24 0.74 0.41 0.51 0.98 0.97 0.97 0.95 0.98 0.10 3.56 1.02 6.74 1.11 1.84 7.08
2.2 0.19 3.23 0.74 0.41 0.98 0.84 0.97 0.90 0.86 0.97 28.60 2.99 1.29 19.26 1.11 1.84 26.07
2.3 0.30 0.20 0.74 0.41 0.52 0.95 0.97 0.98 0.96 0.97 0.06 1.87 1.51 1.21 0.48 1.83 0.60
2.4 2.13 3.25 0.74 0.41 0.51 0.98 0.98 0.90 0.78 0.96 0.07 2.32 1.95 5.40 0.48 1.83 3.82
3.1 3.31 0.36 0.70 0.38 0.50 0.97 0.98 0.90 0.77 0.96 0.10 6.17 0.85 21.21 1.11 1.83 45.69
3.2 0.23 2.58 0.70 0.38 0.50 0.97 0.97 0.98 0.96 0.97 0.09 4.54 0.68 5.21 1.11 1.83 6.51
3.3 0.21 0.08 0.70 0.38 0.59 0.96 0.97 0.98 0.96 0.97 0.07 1.36 1.39 1.23 0.48 1.84 0.61
3.4 3.24 2.28 0.70 0.38 0.51 0.98 0.98 0.90 0.78 0.96 0.07 1.93 2.18 5.26 0.48 1.83 3.94
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2.20 Appendix 2.11: Model Comparison Statistics
Table 2.7: Model Comparison
Log Marginal
Density
Posterior Model
Probability
Model
1.1 -1335.87 0
1.2 -1385.97 0
1.3 -1215.81 1
1.4 -1395.27 0
2.1 -1274.54 0
2.2 -1421.04 0
2.3 -1223.07 0
2.4 -1388.82 0
3.1 -1391.27 0
3.2 -1238.06 0
3.3 -1221.98 0
3.4 -1386.14 0
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2.21 Appendix 2.12: Posterior Distributions and Con-
vergence Statistics for preferred model
Figure 2.11: Prior and Posterior Plots for Model 1.3 specification
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Figure 2.12: Log-Posterior and log-likelihood density Plots for Model 1.3 specification
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Figure 2.13: Multivariate Convergence Diagnostics Statistics for Model 1.3 specification
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2.22 Appendix 2.13: Estimated Business Cycle Moments
Table 2.8: Estimated Business Cycle Moments in model
Correlation
Levels Std Output Total Hours Productivity
Price of Capital
Investment
Skill Premium 3.1266 0.5343*** 0.0955 0.6226*** 0.5196***
Relative Hours Worked 8.5088 -0.2699*** -0.7440*** 0.1856** -0.5786***
Low Skilled Wages 2.6403 -0.5343*** -0.0955 -0.6226*** -0.5196***
First Differenced
Skill Premium 1.2627 -0.0191 -0.3584*** 0.3396*** 0.2828***
Relative Hours Worked 2.2486 -0.5358*** -0.6317*** -0.1745** 0.2006**
Low Skilled Wages 1.0664 0.0191 0.3584*** -0.3396 *** -0.2828***
Hodrick-Prescott
Filter
Skill Premium 1.6191 0.0686 -0.4254*** 0.4547*** 0.3274***
Relative Hours Worked 2.8912 -0.5338*** -0.6641*** -0.1649** 0.2387***
Low Skilled Wages 1.3672 -0.0686 0.4254*** -0.4547*** -0.3274***
Baxter King
Bandpass Filter
Skill Premium 1.3375 -0.0065 -0.3950*** 0.3585*** 0.3020***
Relative Hours Worked 2.4616 -0.5794*** -0.6180*** -0.2669*** 0.2529***
Low Skilled Wages 1.1295 0.0065 0.3950*** -0.3585*** -0.3020***
* denotes 10% significance, ** denotes 5% significance, *** denotes 1% significance.
The Hodrick-Prescott filter is calculated with λ = 1600.
The Baxter King Bandpass Filter is calculated for frequencies between 2 and 32 quarters, with K = 12.
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Chapter 3
UK Skill Premium and Graduate
Market
3.1 Introduction
Existing analysis of the movement of the skill premium, the ratio of wages of skilled workers
to unskilled workers, has largely been confined to the US due to the established datasets
available. This has resulted in a large number of works (Bound and Johnson 1992; Katz
and Murphy 1992; Murphy and Welch 1992, 1993) documenting how the market for skilled
labour, defined as workers with higher education, evolved. Carneiro and Lee (2011) sum-
marise the history of the skill premium movement in the US; the decline during the 1970s
before the rapid increase in both the skill premium and supply of graduates in the 1980s.
This is followed by slower pace growth in the 1990s before the flattening of skill premium
growth post-2000.
The literature concluded that biased technology shocks resulted in growth in demand for
graduates that exceeded the growth in supply of graduates, causing the wages of graduates
relative to non-graduates to grow. The literature identified two types of shocks: Skilled-
Biased Technical Change, which increases the productivity of skilled labour, and Investment-
Biased Technical Change, which reduces the cost of investment in capital.1 This is used to
1Investment-Specific Technical Change and Investment-Biased Technical Change are used in the literature
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explain the rapid growth of the skill premium during the 1980s and the subsequent slowdown
in the growth rates.
To model these findings, Krusell et al. (2000) proposed the use of technology functions
that differentiated skilled and unskilled labour inputs, as discussed in Griliches (1969) and
Berman et al. (1994), but that also differentiated the degree of substitutability between each
type of labour with capital inputs. In the suggested production function, skilled labour with
be relatively more complementary to capital than unskilled labour, so that increases in cap-
ital stock would cause skill premium growth. This was introduced to capture the effect of
the technology revolution, which drove down capital investment prices during the 1980s, to
further explain skill premium growth due to the relationship capital may have with different
types of labour.
However, observations of the graduate labour market in recent years have differed from
the observations under which these models were proposed. As discussed above, the US skill
premium growth has slowed further post-2000 while the supply of graduates has still grown.
Furthermore, data from the UK poses a very different set of data. While the supply of grad-
uates has grown consistently from the early 1990s, as has the graduate employment, the skill
premium has been shown by Abel et al. (2016) and Angelopoulos et al. (2017) to exhibit a
steady decline. These new observations contrast starkly with the data used in the previous
chapters, and so developing the model to explain these new observations is essential to the
models forecasting performance and simulating the impact of any proposed policies.
This paper estimates models of the skill premium to match UK data and whether the
Capital-Skill Complementarity Hypothesis can be supported empirically. Following the data
methodology described in Balleer and Van Rens (2013), this paper uses UK survey data to
estimate a Dynamic Stochastic General Equilibrium (DSGE) model featuring the Krusell
et al. (2000) production technology and the Angelopoulos et al. (2015) endogenous skill ac-
to describe the same shock. This paper will refer to this shock as Investment-Biased Technical Change in
keeping with the Balleer and Van Rens (2013) literature.
154
quisition by households. The model estimates find that a two-level CES with capital and
skilled labour nested within the internal CES function and both elasticity of substitution
parameters less than 1 performs best in data, but does not support the Capital-Skill Com-
plementarity Hypothesis.
Section 2 will discuss the existing work in this area, and Section 3 will outline the data
used in this paper, discussing how the series have been created. Section 4 will present the
model used, which follows that of Angelopoulos et al. (2015), looking at how the skill pre-
mium is derived and the household supply of skilled labour, while Section 5 will discuss
the structure of the production function. Section 6 discusses the estimation methods while
Section 7 presents the results and uses Bayes Odds Ratio to establish the model performing
best in the UK data, comparing these findings to those in US data and the previous literature.
Section 8 will discuss how findings explain observations in the UK data, looking at the
roles of biased technology shocks within the model in explaining the skilled labour market
data using Impulse Response Functions. Section 9 decomposes the skill premium series,
looking at the impact of shocks in determining the series in the best performing specifica-
tion and looking at the contributions to each of the elements in the skill premium equation.
Section 10 will look at government funding of higher education, simulating the effect of alter-
native fiscal policy approaches on welfare and inequality between skilled and unskilled labour.
Section 11 estimates the Balleer and Van Rens (2013) VAR using the UK data con-
structed for this paper. Section 12 then estimates the model with endogeneous education
using US data, comparing the parameter estimates and optimal specification to that of UK
data and the US model estimated in chapter 2 without endogenous education. The final sec-
tion summarises the findings and their implications on future funding of Higher Education.
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3.2 Related Literature
Analysis of the skill premium and market for skilled labour largely began in response to
observations in the US during the 1980s. Katz and Murphy (1992), motivated by growing
wage inequality during the 1980s, show how the decline in the skill premium during the 1970s
and the paid growth in the 1980s is the result of changes in labour demand to favour more
educated and more skilled labour. This demand growth is linked to the large technological
changes at the time, which authors such as Bound and Johnson (1992) and Caselli (1999)
termed Skill-Biased Technical Change.
These changes in the labour market, supported in other works such as Autor et al. (1998),
Acemoglu (2002), and Carneiro and Lee (2011), are found despite growing supplies of grad-
uates, suggesting that the demand growth was large enough to cause relative wages to rise
despite the growth in supply. Goldin and Katz (2007) discuss how a model that incorporates
changes in both supply and demand can be used to explain the patterns in the graduate
labour market from 1910 into the 2000s.
While the literature was motivated by rapid growth in the 1980s, the US skill premium
growth slowed during the 1990s. During the 2000s and post-recession 2010s, the slowdown
persisted, with Balleer and Van Rens (2013) and Goldin and Katz (2007) showing the skill
premium trend flattening off before the 2008 Financial Crisis.
Analysis for the UK labour market has followed on from the US, but while the supply of
graduates and the employment of graduates has increased, the skill premium has declined
over the period, at odds to the observations in the US. Angelopoulos et al. (2017) show
how the university skill premium declined between 1995 and 2015, reducing the educational
wage inequality. These characteristics are also found in Abel et al. (2016), who find declin-
ing growth in earnings of degree, A-level, and GCSE level labour relative to no education
between 1995 and 2015, with degree wage growth showing the greatest fall. This was ac-
companied by a decline in aggregate labour productivity in the UK. As such, while the skill
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premium literature was developed in the backdrop of the large growth in the US in the 1980s,
the field has expanded as greater changes appear in observations.
Griliches (1969), Hamermesh and Grant (1979), Bartel and Lichtenberg (1987), Berman
et al. (1994) initially proposed to explain the skill premium from a 3-input production func-
tion, with capital being combined with skilled and unskilled labour, which was measured
using educational attainment so that labour became skilled by attaining a US college de-
gree. The literature suggested that the skill premium was due to higher skilled labour being
more flexible and able to adapt to changing capital stock and so being a better complement.
The theory of the Capital-Skill Complementarity Hypothesis, that skilled labour is a
stronger complement with capital than unskilled labour, and the 3-input production func-
tion were central to the seminal work of Krusell et al. (2000). In their work, they propose
the use of a 2-level Constant Elasticity of Substitution (CES) production function, where a
combination of capital and skilled labour are then combined with unskilled labour to pro-
duce output. The elasticity of substitution parameters are set so that skilled labour is a
relative complement to capital. In doing so, the structure allows the inclusion of biased
technical change, encompassing the findings of the skill premium analysis in the literature.
Krusell et al. (2000) conclude that the implementation of the Capital-Skill Complementar-
ity Hypothesis in the CES production function is essential to explaining the skill premium
movements seen in the data.
At the same time, Greenwood et al. (2000) proposed an explanation for the increases
in capital stock during the technology revolution that occurred simultaneously to the 1980s
rapid skill premium growth. Their work introduced Investment-Specific Technical Change
(ISTC), a shock which reduced the cost of investment, to explain the negative comovement
between the price of new capital equipment and equipment investment. The measurement
of ISTC was derived from the Gordon (1990) quality-adjusted capital price index, that es-
tablished prices for capital when accounting for quality improvements and technological
advances, and Cummins and Violante (2002) constant quality adjustment. This was ex-
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panded by DiCecio (2009), who derived capital investment deflator indexes, which Balleer
and Van Rens (2013) used to identify the effects of Investment-Biased Technical Change on
the skill premium in a structural VAR.
An important extension to the literature has been the endogenisation of the skill acquisi-
tion of the household. Angelopoulos et al. (2015) introduced household spending on educa-
tion to determine the proportion of skilled labour, as opposed to the standard approach of
calibrating parameters used commonly. In doing so, it also introduced dynamics into skilled
labour supply and government fiscal policy, with distortionary taxes and education spending
subsidies, although the model still relies on calibration of parameters determining household
skill acquisition.
The use of the Krusell et al. (2000) production function became the common standard
for modelling the skill premium, with Lindquist (2004) simulating an RBC model with the 3-
input CES production function. The model is successful in replicating skill premium volatility
and cyclicality, but failed to match moments in hours worked and wages. Further works have
looked at the limitations of the model in data, with both Balleer and Van Rens (2013) and
McAdam and Willman (2018) using US survey data to conclude that the implementation
of the Capital-Skill Complementarity structure does not best match the data. In chapter 2,
an RBC model featuring the Krusell et al. (2000) production function is estimated to match
US data. The findings show that Capital-Skill Complementarity Hypothesis is supported
by the data in a DSGE model. However, the preferred form nests the unskilled labour and
capital, as opposed to the function specified in Krusell et al. (2000) and used in the literature.
Balleer and Van Rens (2013) suggest that while the production function form can match
skill premium movement, it creates incorrect correlation in a structural VAR, and state that
this can be improved upon by dropping the complementarity structure. However, chapter 1
estimates the VAR model proposed in Balleer and Van Rens (2013) and finds that the results
presented are not robust to the measurement of the price of investment. Furthermore, it
demonstrates that the responses generated could be present in a model which retains the
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Capital-Skill Complementarity Hypothesis, and so cannot be used as evidence to reject the
hypothesis. McAdam and Willman (2018) use nonlinear Seemingly Unrelated Regressions
to show that while the Capital-Skill Complementarity production function can be used to
explain data, better alternatives exist that aggregate heterogeneous labour inputs in the
production function, thereby not differentiating the substitutability relationship or each
type of labour with capital. Estimating the expanded model using survey data from the US
and UK will therefore contribute to the understanding of the model, providing parameter
estimates and evaluating the model performance in new data.
3.3 Data Description
The data used to estimate the model follows the approach used by Balleer and Van Rens
(2013). Quarterly series are constructed for skill premium, (log) wages of unskilled workers,
relative supply of skilled workers, and relative hours worked by skilled workers for the UK
economy using Office for National Statistics (ONS) Quarterly Labour Force Survey (QLFS).
The data provides series running from 1993:I to 2017:II. Due to data quality issues, a number
of observations are replaced with trend values, so that of the 98 observations reported by
each of the series, 7 periods are replaced.
Wage data is the hourly pay, constructed from gross weekly pay and usual hours for
workers aged 16-64 in nonagricultural sectors, weighted by the QLFS income weights. The
relative hours worked by skilled labour measure is constructed from the ratio of average
hours worked in the employed nonagricultural population, using income weights. The Rela-
tive Employment of Skilled Labour is calculated as the weighted proportion of skilled workers
employed in non-agricultural jobs, while the relative supply of skilled workers is calculated as
the weighted proportion of skilled workers in the labour force. The skill premium is defined
as the log ratio of wages of skilled workers (those with first degrees or higher) to unskilled
workers (those without degrees).
159
Data on wages is reported by around 9,000 workers per quarter after accounting for at-
trition and data quality concerns. The data controls for gender, experience and education
within Skilled and Unskilled groups. The series reported are seasonally adjusted by the x-12
ARIMA process.2
The skilled labour grouping used for the model is constructed from workers with a first
degree or higher degree as their highest qualification reported in the QLFS. This measure
therefore allocates workers with highest qualifications of Higher Education non-degree in
the unskilled labour grouping. This can be shown to have little impact on the series, only
causing slight shifts, as the Higher Education non-degree labour only represents less than
10% of the sample workers each period. However, the decision to only include graduates
as skilled labour was made as the theory explaining the skill premium observations in the
US highlighted the flexibility and adaptability of more skilled workers. Higher Education
qualifications, while now more closely aligned to the degree structure in the UK, often focus
on roles such as nursing, teaching and other jobs with a specific job focus, and so is omitted
from the skilled labour grouping, although the effect is insignificant.
Appendix 3.1 shows the series that have been constructed. For the labour market data
constructed from the QLFS, two measures are produced. Firstly, a ’Skill’ measure, where
workers with Higher Education, First Degree, and Higher Degree are regarded as skilled
labour, and secondly, a ’Degree’ measure, where only workers with First Degree and Higher
Degree are considered skilled labour. Much like the US graduate market, the relative em-
ployment and supply of skilled labour has grown consistently from the early 1990s to the
later 2010s, with around a 25 percentage points increase in both measures reported for sup-
ply and demand. The log unskilled wage also grew, with a constant positive trend except
for a slowdown between 2009 and 2015 following the Financial Crisis, where wage growth
stagnated.
2The X-12 adjustment has ARIMA (4,1,1) specification, using four autoregressive components and one
moving average component for an integrated order one series, and the Seasonal ARIMA (1,1,1), using one
autoregressive components and one moving average component for an integrated order one series.
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The major difference between the UK and US markets is that the UK skill premium fell
from its peak in the early 1990s. While the US skill premium grew from 31% in 1990s to
46% in the mid-2000s before stagnations post-Financial Crisis, the UK shows a continuous
decline. Starting from the peak in 1993, the measures decline sharply until the mid-2000s,
with the premium losing around 15 percentage points in 10 years, before flattening out until
2015, where the decline begins again.
Beginning from 86% premium using the degree measure and 76% using the skill measure,
both measures decline to near parity at 52% by the end of the sample. UK data does not
allow for a comparison during the 1980s technological revolution, so it is unclear whether the
UK experiences the same growth as the US during this time. However, the UK skill premium
exceeds the US skill premium across the sample under both measures, but demonstrates very
different properties.
Macroeconomic variables and other data series are collected from the ONS. Output is
Gross Domestic Product at market prices using a Chained Volume Index, indexed at 2009,
as reported in the Quarterly National Accounts.3 Labour productivity is measured as output
per hour, indexed to 2009, for the whole economy, reported in the ONS Labour Productivity
Bulletin.
The relative price of capital investment is constructed following the approach used by
DiCecio (2009) with data from the Volume Index of UK Capital Services published by the
ONS. The deflator for the UK is calculated by using Gross Fixed Capital Formations (GFCF)
by industry to weight the deflators for each industry, resulting in an investment capital de-
flator for the UK. This is divided by the ONS final consumption expenditure deflator from
the UK Economic Accounts to construct the relative price of investment goods index series.
3QNA code: YBEZ
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The Volume Index of UK Capital Services also reports GFCF and deflators by asset,
rather than by industry. However, due to changes in classifications, this produces inconsis-
tencies which mean that it is unsuitable for use in this model.
Table 3.2 in Appendix 3.2 shows how treatment to remove trends from data series can
affect the direction and strength of correlation between series. While at levels, all series are
highly correlated due to spurious relationships between the trends, most of the series are
uncorrelated once the trends are removed. Both the skill premium and wage of unskilled
labour have no significant correlation with output or productivity at first differences or under
the Hodrick-Prescott (HP) Filter or Baxter-King Bandpass (BP) Filter. Tables 3.3 to 3.6
gives the correlations and p-values for level of significance for all variables.
While US data exhibits a similar lack of correlation between skill premium and output,
and only significant correlation with productivity at 10% level of significance, wage of un-
skilled labour was always significantly negatively correlated with productivity under first
difference or each filter, and negative correlation with output in both filters. These findings
would suggest that the skill premium is acyclical in UK data, as it is in US, but wages of
unskilled labour are also acyclical, as opposed to the counter cyclicality found in the US.
Under first differences, none of the correlations examined are significant at 5% level of
significance in UK data. Applying the HP Filter, only relative employment has a correla-
tion at a 5% level of significance, being negatively correlated with output, suggesting that
the Relative Employment of Skilled Labour declines as output increases. This is consistent
with the idea of compositional bias, with more unskilled labour becoming employed during
economic booms, while the Relative Employment of Skilled Labour remains more constant.
This is also found with the BP Filter, where the positive correlation between the relative
supply of skilled workers and productivity also becomes positive and significant. This could
be caused by a number of reasons. An increase in the relative supply of skilled labour means
that proportionally more workers are skilled, as Skilled-Biased Technical Change would af-
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fect a greater proportion of workers and so affect productivity more. It could also be that
increased productivity of skilled labour incentivises more labour to become skilled, although
the lack of significant positive correlation with the skill premium or Relative Employment of
Skilled Labour suggests that this effect only occurs on the supply side rather than in wages
or employment.
3.4 Model
The model used here follows Angelopoulos et al. (2015), implementing the Krusell et al.
(2000) production function in an RBC model. This chapter also introduces the factor aug-
menting technical change processes seen in the previous chapter as well as the normalisation
of the production function, which is shown in the previous chapter. This is applied again
so that the model can be estimated as opposed to the calibration approach taken in An-
gelopoulos et al. (2015). Furthermore, the skill acquisition cost function is slightly altered
compared to Angelopoulos et al. (2015) to allow the steady state to be solved analytically.
An infinitely lived household consumes goods and provides two types of labour: skilled
labour and unskilled labour. Households can also choose to invest in capital, that pays a
rate of return, or purchase government bonds at a discount rate. Returns of capital and
wages earned are taxed at a constant rate. Each period, the household can purchase educa-
tion, which determines the proportion of the household that is skilled labour. The education
purchased by the household to determine the supply of skilled labour can be optimised each
period, with skill acquisition lasting for one period.
The firm uses the two labour inputs and capital to produce a single homogeneous good
sold in a competitive market, with firms maximising profits. A government collects distor-
tionary taxes on wages and rental rate of capital to fund exogenous government expenditure
and subsides on educational spending by households. The government can borrow and lend
money to households by issuing one period bonds that it sells at a discount.
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3.4.1 Household
A representative household, composed of skilled labour and unskilled labour, maximises a
utility function of their consumption, leisure for each type of labour, and proportion of
skilled labour: U{Ct, ψt, Lst , Lut }, where proportion j ∈ (0, ψt] are skilled labour in period t,
while the remaining j ∈ (ψt, 1) provide unskilled labour. Each type of labour follows a time
constraint, Ljt = 1−Hjt , so that the model can be expressed in hours worked. The combined
aggregate hours worked is given as the sum Ht = H
s
t +H
u
t . The utility function has utility
weights σ1 on skilled labour leisure and σ2 on unskilled labour leisure,
U (Ct, H
s
t , H
u
t , ψt) =
(
C1−σ1−σ2t (ψt (1−Hst ))σ1 ((1− ψt) (1−Hut ))σ2
)σ3
σ3
(3.1)
The household problem is solved via a Social Planner who chooses consumption, skilled
labour, unskilled labour, and proportion of skilled labour in household, with savings in
capital and government bonds,
max
{Ct,Hst ,Hut ,Kt,ψt,Bt}
E
∞∑
t=1
βt
(
C1−σ1−σ2t (ψt (1−Hst ))σ1 ((1− ψt) (1−Hut ))σ2
)σ3
σ3
+ λt
(
wstψtH
s
t (1− τ s) + wut (1− ψt)Hut (1− τu) + rtkt−1
(
1− τ k)+ bt − ct
−Qt (kt − (1− δ) kt−1)− eEtψ
θ
t
θ
(1− τa)− ptbt+1
)
(3.2)
The household acquires skilled labour via purchasing education, eEt
ψθt
θ
, which it pays on
a desired proportion of skilled labour, ψt, which is subsidised at rate τ
a. This acquisition
of skill by households alters the ratio of skilled and unskilled labour provided so when the
household purchases more education, the proportion of skilled labour increases and, subse-
quently, the proportion of unskilled labour falls. The skilled labour earns wage wst and pays
tax τ s, while unskilled labour earns wut and pays tax τ
u. Capital has a rental rate rt on
which tax τ k is paid, with the gross returns on capital Rt = rt + 1− δ.
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Educational spending can also experience a technology shock, Et, which affects the pro-
ductivity of educational spending. Et follows an AR(1) shock process, so that for a given
level of ψ and parameter θ, a positive shock to Et will increase the cost of education. Solving
the household optimisation problem yields 5 household equations,
β
Uc,t+1
Uc,t
=
Qt
rt+1 (1− τ k) +Qt+1 (1− δ) (3.3)
−Uhs,t
Uc,t
= wstψt (1− τ s) (3.4)
−Uhu,t
Uc,t
= wut (1− ψt) (1− τu) (3.5)
pt =
Qt
rt+1 (1− τ k) +Qt+1 (1− δ) (3.6)
−Uψ,t
Uc,t
= wstH
S
t (1− τ s)− wutHUt (1− τu)− eEtψθ−1t (3.7)
Equation 3.7 gives the households skill acquisition optimisation. The household trades
expenditure on consumption with expenditure on education until it equals the value of gain-
ing an extra unit of skilled labour: the earnings of skilled labour less the earnings of unskilled
labour and the cost of purchasing an additional unit of skilled labour.
The skill acquisition function proposed by Angelopoulos et al. (2015) and used here
provides a very simplistic approach to endogenising the proportion of skilled labour compared
to the realities of human capital investment, as it allows households to instantly increase
or decrease skilled labour. Modelling human capital investment more completely would
feature extensions such as overlapping generations, with households making an investment
decision with a long gestation period. In the RBC model used, prices (and nominal frictions)
are absent and so the cost of acquiring skills can also be considered to be non-monetary
factors that affect the labour market such as labour misallocation, labour participation, or
retraining, which would be more responsive than human capital investment. Developing
these mechanisms further should be a topic for future research. However, this model should
capture the direction of responses by key variables such as the skill premium.
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3.4.2 Firm
The firm employs skilled labour and unskilled labour, and rents capital from households
to produce output using a two-level nested CES production technology. The CES function
includes two elasticity of substitution parameters, {ν, σy}, and two factor share parameters,
{γ, ζ}. In the nested function, two inputs are combined with an elasticity of substitution of
ν. The nested function is then combined with the final input with an elasticity of substitu-
tion of σy,
This is the generalised form of the two-level nested CES production technology, as per
McAdam and Willman (2018), where 3 inputs {µ1,t, µ2,t, µ3,t} are combined to produce out-
put Yt at time period t. In this model, the firm uses 3 inputs: skilled labour, H
S, unskilled
labour, HU , and capital, K. Each of the inputs has an associated augmenting technical
change, which are denoted as {ZS, ZU , ZK}, respectively, and a Hicks-Neutral Technical
Change, ZY .4 Technical Change is modelled using an AR(1) process. The firm then sells
the output in a competitive market,
Πt = F
(
Zyt , Z
s
t , Z
u
t , Z
k
t , ψt, H
s
t , H
u
t , Kt−1, ν, σy
)− wstHst − wutHut − rtKt−1 (3.8)
Under perfect competition, the wage for each input is equals the marginal product of the
input. The skill premium is then calculated using the wages paid to skilled labour relative
to those paid to unskilled labour,
wst = FHst (3.9)
wut = FHut (3.10)
rt = Fkt−1 (3.11)
skpt = log
(
wst
wut
)
(3.12)
4Leo´n-Ledesma et al. (2010) state that a biased technical change occurs when inputs are gross substitutes
so that for two inputs {µ1, µ2} and related technical change processes {Zµ1 , Zµ2}, ∂(Fµ1/Fµ2 )∂(Zµ1/Zµ2 ) > 0 with σ > 1.
Therefore, while biased technical changes are possible in this model, the more general form augmenting
technical change will be used.
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Krusell et al. (2000) is a specific case of the function, where inputs {µ2,t, µ3,t} are capital
and skilled labour, with ν = 0.67. The nested function is combined with {µ1,t}, which is set
to unskilled labour with σy = 1.67. The forms of the production function being considered
will be discussed in Section 5.
3.4.3 Government and Equilibrium conditions
The government purchases exogenous goods, Gt, subsidises purchasing of education, τ
a, and
pays existing bond obligations, bt, by levying distortionary taxes in skilled labour wages, τ
s,
unskilled labour wages, τu, rental rates of capital, τ k, and borrowing from households, bt+1
at discount rate pt,
Gt + bt + τ
aeEt
ψθt
θ
= ptbt+1 + w
s
tH
S
t ψtτ
s + wutH
U
t (1− ψ) τu + rtKt−1τ k (3.13)
The government purchase of exogenous goods is a proportion of output, gt, which can
be experience a shock that follows an AR(1) process. The model is closed by an aggregate
production equation,
Yt = Ct + It + e
Et
ψθt
θ
+Gt (3.14)
where investment follows a capital law of motion, with price of investment Qt. This price, as
described in Balleer and Van Rens (2013), is the inverse of the Investment-Biased Technical
Change process, so that a positive Investment-Biased Technical Change shock reduces the
price of investment,
It = Qt (kt − (1− δ) kt−1) (3.15)
Qt =
1
eZ
I
t
(3.16)
The Investment-Biased Technical Change and all other technical change processes enter
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the model as exponential AR(1) shock processes:
Zjt = e
zjt = eρjz
j
t−1+
j
t j ∈ {I, S, U,K, Y, e} (3.17)
3.5 Two-Level CES Production Technology
The production technology used in this model is the generalised form of the two-level nested
CES function used in Krusell et al. (2000). This is used by McAdam and Willman (2018)
when they test the performance of the proposed function against its alternatives. The two-
level approach nests a function, Xt, where two inputs are combined with an elasticity of
substitution ν, within the production function for output, Yt, which combines the nested
function with the final input with an elasticity of substitution σy,
Yt = e
ZYt
(
ζ (Xt)
σy−1
σy + (1− ζ)
(
eZ
µ1
t µ1,t
)σy−1
σy
) σy
σy−1
(3.18)
Xt =
(
γ
(
eZ
µ2
t µ2,t
) ν−1
ν
+ (1− γ)
(
eZ
µ3
t µ3,t
) ν−1
ν
) ν
ν−1
(3.19)
The two-level function implies a restriction that the elasticity of substitution of the final
input with both of the other inputs is equal, so that changing the order of inputs will cause
this restriction to apply differently. When used by Krusell et al. (2000), this is used so that
by calibration ν = 0.67 and σy = 1.67, skilled labour is a relatively stronger complement
with capital than unskilled labour, skilled labour is a stronger complement with capital than
in a Cobb-Douglas Production Function, unskilled labour is a stronger substitute to capital
and skilled labour than in a Cobb-Douglas Production Function, and unskilled labour has
the same elasticity of substitution with both capital and skilled labour.
It is therefore possible to use a number of arrangements of the inputs and change how the
restrictions apply. Moreover, the Capital-Skill Complementarity Hypothesis can be imple-
mented in a number of ways beyond the form expressed in Krusell et al. (2000). As long as
elasticity of substitution parameter estimates for the relationship between skilled labour and
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capital are lower than for unskilled labour and capital, it is a relative complement and so the
hypothesis would be retained. This result is found in the second chapter of my thesis, where
the preferred form of the production function in data, while finding differing values to the
parameters proposed in Krusell et al. (2000), still retains the Capital-Skill Complementarity
Hypothesis.
3.5.1 Normalising CES Production Function
As per the discussion in Cantore and Levine (2012), the production function needs to be
normalised in the model before estimation to make the parameters ‘dimensionless’ and not
dependent on the scale of measurement. For comparison of different values of elasticity of sub-
stitution, the models must be normalised around the steady-state. Furthermore, they point
out the importance of normalisation in identifying the elasticity of substitution parameters
and augmenting technical change. Therefore, while much existing work uses non-normalised
production functions and calibrate the elasticity of substitution parameters instead, nor-
malisation allows those terms to be estimated in data. For this purpose, the production
function is normalised around steady-state values, so that it is measured in deviations from
steady-state. This normalisation has been conducted as per the discussion in chapter 2:
Yt = e
ZYt Y0
(
ζ
(
Xt
X0
)σy−1
σy
+ (1− ζ)
(
eZ
µ1
t
µ1,t
µ1,0
)σy−1
σy
) σy
σy−1
(3.20)
Xt = X0
(
γ
(
eZ
µ2
t
µ2,t
µ2,0
) ν−1
ν
+ (1− γ)
(
eZ
µ3
t
µ3,t
µ3,0
) ν−1
ν
) ν
ν−1
(3.21)
where {Yt, Xt, Hst , Hut , Kt−1, ψt, ZYt , Zst , Zut , Zkt } are inputs in the production function and
{Y0, X0, Hs0 , Hu0 , K0, ψ0} are the steady-state values of these inputs, with elasticity of substi-
tution parameters {ν, σy} and factor share parameters {γ, ζ}. As the normalisation process
essentially index values, Y0 and X0 can be set to any value, and hence it is set to 1.
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3.5.2 Production Technology Specifications
As discussed previously, there are three combinations possible given the production technol-
ogy by varying the pairings of inputs used in the function Xt. The form proposed in Krusell
et al. (2000) is to pair skilled labour and capital, while unskilled labour could also be paired
with capital. Alternatively, a labour aggregator could combine skilled labour and unskilled
labour.
With each of the arrangements, four possible combination of ranges of the elasticity of
substitution parameters are considered: {ν < 1, σy > 1}; {ν > 1, σy < 1}; {ν < 1, σy <
1}; {ν > 1, σy > 1}. These distinctions are made in the estimation process due to the for-
mulation of the skill premium equation, especially when either skilled labour or unskilled
labour is paired with capital. In this case, matching the data is possible in any of the cases
considered, but movements from one of the ranges specified to another is very unlikely. This
is because, as shown in the previous chapter, when a parameter moves closer to 1, which is
necessary to switch from one range to another, the parameters in the skill premium equation
tend towards limits of 0 and infinity. These responses are rejected in data so that once
initiated, the estimation procedure will not cross over 1, and so will match as best it can
from the range it is initiated in.
Therefore, when initiated above 1, the initial draw is set to 1.67, initial values of 1.67 are
used, and 0.67 for when less than 1. All other estimated parameters are initialised at the
mean of the prior distribution. This paper will estimate the model in UK data for the 12
possible combinations of these conditions and compare the performance of each.5
3.5.3 Skill Premium formation
The formation of the skill premium equation is dependent on the specification of the produc-
tion function used in the model. As the ordering changes the relationship between each input
5The model equations for specification 2.1 are given in Appendix 3.3, with the steady state model given
in Appendix 3.4
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Table 3.1: UK Model specifications
σy > 1,
ν < 1
σy < 1,
ν > 1
σy < 1,
ν < 1
σy > 1,
ν > 1
Y = f
(
HSt , X
(
HUt , Kt−1
))
Model 1.1 Model 1.2 Model 1.3 Model 1.4
Y = f
(
HUt , X
(
HSt , Kt−1
))
Model 2.1 Model 2.2 Model 2.3 Model 2.4
Y = f
(
Kt−1, X
(
HSt , H
U
t
))
Model 3.1 Model 3.2 Model 3.3 Model 3.4
represented by the elasticity of substitution parameters, three formations are considered in
this paper.
3.5.3.1 Nested Capital-Skilled Labour Production Function
SKPt =
σy − 1
σy
log
(
eZ
S
t
eZ
U
t
)
︸ ︷︷ ︸
Relative Labour
Technical Change
− 1
σy
log
(
HSt
HUt
)
︸ ︷︷ ︸
Relative Employment
of Skilled Labour
− 1
σy
log
(
ψt
1− ψt
)
︸ ︷︷ ︸
Relative Proportions of
Skilled to Unskilled Labour
(3.22)
+
σy − ν
σy(ν − 1) log
1− γ + γ( eZKt Kt−1
eZ
S
t ψtHSt
) ν−1
ν (
ψ0H
S
0
K0
) ν−1
ν

︸ ︷︷ ︸
Relative Elasticity of Substitution
+ log
(
ζ (1− γ)
1− ζ
)
+
σy − 1
σy
log
(
HU0
HS0
)
+
σy − 1
σy
log
(
1− ψ0
ψ0
)
Given that terms, ζ(1−γ)
1−ζ ,
HU0
HS0
, and ψ0
1−ψ0 are constant for the steady-state and calibration
of the model, the Skill Premium equation can be expressed as how four relative terms from
the model.
The Relative Employment of Skilled Labour term has a negative sign irrespective of the
parameter estimate. This means that as employment of skilled labour increases (decreases)
or the employment of unskilled labour decreases (increases), the skill premium decreases
(increases), giving a downward sloping demand curve.
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Likewise, the Relative Proportion of Skilled Workers to Unskilled Workers, also has a
negative sign irrespective of the parameter estimate. The efficient is differentiated from the
Relative Employment of Skilled Labour as the increase in the proportion of skilled workers
in the household directly reduces the proportion of unskilled workers, before the workers
make their labour supply decision. Therefore, as the proportion of skilled workers increases
(decreases), the skill premium decreases (increases).
The Relative Labour Technical Change term coefficient can be positive or negative de-
pending on the size of σy, namely if it is more complementary or substitutable than the
Cobb-Douglas Function. If σy is less (greater) than 1, the coefficient is negative (positive),
so a positive (negative) Skilled-Augmented Technical Change shock , or a negative (positive)
Unskilled-Augmented Technical Change shock decreases the skill premium.
The Relative Elasticity of Substitution term, which gives the differentiated effect of a
term existing in the nested function, has a coefficient where the sign depends on two factors.
The numerator is positive if σy > ν so that unskilled labour is more substitutable with capi-
tal than skilled labour, or negative if σy < ν so that unskilled labour is more complementary
with capital than skilled labour. Secondly, the value of ν determines if the denominator is
positive, which occurs when ν > 1, or negative, when ν < 1.
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3.5.3.2 Nested Capital-Unskilled Labour Production Function
SKPt =
σy − 1
σy
log
(
eZ
S
t
eZ
U
t
)
︸ ︷︷ ︸
Relative Labour
Technical Change
− 1
σy
log
(
HSt
HUt
)
︸ ︷︷ ︸
Relative Employment
of Skilled Labour
− 1
σy
log
(
ψt
1− ψt
)
︸ ︷︷ ︸
Relative Proportions of
Skilled to Unskilled Labour
(3.23)
+
ν − σy
σy(ν − 1) log
1− γ + γ( eZKt Kt−1
eZ
U
t (1− ψt)HUt
) ν−1
ν (
(1− ψ0)HU0
K0
) ν−1
ν

︸ ︷︷ ︸
Relative Elasticity of Substitution
+ log
(
1− ζ
ζ (1− γ)
)
+
σy − 1
σy
log
(
HU0
HS0
)
+
σy − 1
σy
log
(
1− ψ0
ψ0
)
When using nested capital and unskilled labour, σy is now the elasticity of substitution
parameter between skilled labour and capital, as opposed to unskilled labour and capital in
the previous section. However, the interpretation of coefficients on the skill premium is the
same as in section 5.3.1.
The Relative Elasticity of Substitution term differs in two major ways from the previous
section. Firstly, the term in the log is comprised of unskilled labour and capital, as this
term is now in the nested element. Secondly, the coefficient term has the opposite ordering
of elasticity of substitution parameters in the numerators, so that now when ν is greater
(less) than σy, the numerator is positive (negative) and the Capital-Skill Complementarity
Hypothesis is retained (rejected).
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3.5.3.3 Nested Skilled-Unskilled Labour Production Function
SKPt =
ν − 1
ν
log
(
eZ
S
t
eZ
U
t
)
︸ ︷︷ ︸
Relative Labour
Technical Change
−1
ν
log
(
HSt
HUt
)
︸ ︷︷ ︸
Relative Employment
of Skilled Labour
−1
ν
log
(
ψt
1− ψt
)
︸ ︷︷ ︸
Relative Proportions of
Skilled to Unskilled Labour
(3.24)
+ log
(
γ
(1− γ)
)
+
ν − 1
ν
log
(
HU0
HS0
)
+
ν − 1
ν
log
(
1− ψ0
ψ0
)
The Nested Skilled-Unskilled Production Function operates as the labour aggregator
discussed in McAdam and Willman (2018), where if both types of labour were perfect sub-
stitutes the model could be expressed as a two-input CES with capital and labour. This form
is unique compared to the previous formations of the production function as the relationship
between different types of labour and capital is not differentiated.
Because the interaction of types of labour is not differentiated, the Relative Elasticity
of Substitution term is not present in this skill premium and σy does not feature in the
equation. Instead, the skill premium equation still features the previous terms but with the
coefficient determined by ν.
Both the Relative Employment of Skilled Labour and Relative Proportion of Skilled
Labour to Unskilled Labour terms are negative under all values of ν. Using this form of
the skill premium equation, the Relative Labour Technical Change term can have a positive
coefficient if ν > 1. If ν is greater (less) than 1, the coefficient is positive (negative) so that
an positive (negative) Skilled-Augmenting Technical Change shock or a negative (positive)
Unskilled-Augmenting Technical Change shock causes a positive change in the skill premium.
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3.5.4 Model Parameterisation
Table 3.7 in Appendix 3.5 shows the calibrated parameter values used in the model of the
UK economy. The steady-state of skilled labour, ψ0, is calibrated to 23.51%. This represents
the average proportion of the Labour Force in the QLFS with a first degree or higher level of
education. The steady-state percentage hours worked by skilled labour relative to unskilled
labour, h˜, is set to 4.27%, with the steady-state unskilled hours, Hu0 , set to 0.33. This is
calibrated to the average ratio of hours worked by skilled labour to unskilled labour over the
sample period. Finally, UK data on the skill premium, calculated as the average ratio of
wages of skilled labour to unskilled labour, gives the calibration of w˜ as 1.68.
The discount rate is set as β = 0.96 and the household intertemporal elasticity of substitu-
tion parameter, σ3, is set to -2, following the calibration values of Angelopoulos et al. (2015).
The capital share parameter, α = 0.3, and depreciation rate on capital stock, δ = 0.025, are
set per Smets and Wouters (2007).
In the baseline model, there is only a tax on labour, with τ˜ = 0 so that τ s = τu = 0.15.
The tax on capital is set τ k = 0 and the subsidy on education spending τa = 0. While these
calibrations differ to those used in Angelopoulos et al. (2015), using the values proposed in
this paper generates huge amounts of government borrowing in this model.
3.6 Estimation Methodology
The estimation approach used in this paper for the DSGE model follows the same ap-
proach used in chapter 2. Bayesian Methods are used to estimate the model parameters,
{σy, ν, ρi, ρe, ρg, ρy, ρk, ρs, ρu}, and the standard errors of shocks, {σzy, σh, σzi, σe, σg, σzk, σzs, σzu}.
Observable series constructed from UK data are included for output (yobst ), productivity
(prodobst ), relative hours worked by skilled labour (relh
obs
t ), skill premium (skp
obs
t ), unskilled
wages (wut
obs), relative price of capital investment (piobst ), and the relative supply of skilled
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labour (relsobst ),
yobst = log (Yt)− log (Yt−1) (3.25)
prodobst = (log (Yt)− log (Ht))− (log (Yt−1)− log (Ht−1)) (3.26)
relhobst = log (H
s
t )− log (Hut )−
(
log
(
Hst−1
)− log (Hut−1))+ σhht (3.27)
skpobst = log (SKPt)− log (SKPt−1) (3.28)
wut
obs = log (W ut )− log
(
W ut−1
)
(3.29)
piobst = log (Qt)− log (Qt−1) (3.30)
relsobst = log (ψt)− log (ψt−1) (3.31)
All observable variables enter the model as demeaned log first differences with Steady-
State values of 0. The relative hours worked by skilled labour observable equation features
a measurement shock error to collect noise and inconsistencies in the measurement of hours
worked. This captures how the data provided by QLFS will not sum to the same total hours
worked over the sample due to the rotation of households in the sample, changes in the
overall number of households used, and statistical inconsistencies or anomalies. Justiniano
et al. (2013) discuss how noise in hours and wage series may affect interpretations of models,
and therefore use measurement errors.
As in Chapter 2, there are more shocks than observables in this model. Therefore, the
discussion about the implications for aggregations of shocks in Chapter 2, section 2.4.5 still
apply. Partial information could again be introduced in future works, as outlined in Levine
et al. (2019), to more accurately reflect the information set of the households in the model
in observing shocks, rather than relying on the full information assumption.
The Bayesian Estimation approach uses prior distributions to inform the maximum likeli-
hood estimation. The prior distributions for the m parameters, p (Θm), gives the probability
density function based on exogenous information, outlined in existing literature.
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The likelihood function, L (YT |Θm), is calculated for the combined distribution of the set
of parameters, Θm, in data YT . This is calculated using Kalman Filter Recursion, which
calculates the probability of data YT being generated from values Θm given past data. The
likelihood function therefore finds the combination of parameters that has the highest prob-
ability of giving the sequence of data observed,
L (YT |Θm) = p (y0|Θm)
T∏
t=1
p (yt|Yt−1,Θm) (3.32)
Given the maximum likelihood and prior distribution, Bayes Theorem can be applied
to give the probability density function of the set of parameters conditional on the data -
the posterior distribution. This is calculated by combining the prior distribution, based on
exogenous information, and the maximum likelihood, the data that the model attempts to
match,
p (θm|Yt) = p (YT |θm) p (θm)
p (YT )
(3.33)
The posterior density function is used to find the posterior kernel, which is proportional
to the density function but is not normalised by the data,
p (θm|Yt) ∝ p (YT |θm) p (θm) (3.34)
Using the posterior distribution combines a maximum likelihood estimation, where pa-
rameters Θm are adjusted to find values most likely to give observable series, with the
calibration approach used in data of assigning values to calibrate parameters. When trying
to model UK data, this performs better than the approach in existing literature of calibrat-
ing parameters as estimates update in data, via the maximum likelihood estimation, while
incorporating the existing literature in the prior distribution selection.
To estimate the parameter, the posterior distributions are simulated using Markov Chain
Monte Carlo Metropolis Hastings (MCMC-MH) algorithm. The algorithm starts from an
initial point drawn from a jumping distribution. A new candidate value is chosen by ran-
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domly selecting a value from the jump distribution. Using this value, the Acceptance Ratio
is calculated as the ratio of probabilities of candidate θ′ and current θ occurring in the target
distribution P , given the data set,
r =
P (θ′|YT )
P (θ|YT ) (3.35)
A random number is then drawn from U ∈ [0, 1], where if r ≥ u, the value is accepted and
the chain continues from θ′ and if r < u, a new candidate θ′ is drawn. Using this approach,
the target distribution P is constructed, giving the kernel posterior distribution.
In using MH, there is a trade off in the jump distribution. If the variance is too low,
the observations will be autocorrelated and the acceptance ratio very high. This means that
P (x) will not be fully explored. If too high, the observations will not be autocorrelated but
the probabilities that values {θ′, θ} are generated by the same distribution will fall, so many
candidate values will be rejected, leading to a low acceptance ratio. Both outcomes lead
to slow mixing, with larger samples needed to give the target distribution. Roberts et al.
(1997) discuss how the optimal acceptance ratio decreases as the dimension tends towards
∞, with an optimal acceptance ratio of 0.234 at the asymptotic limit.
Three production function structures are used to estimate the models, utilising different
priors discussed in the next section. To simulate the posterior distribution, four chains of
100,000 random draws, with the first 45% of draws from the chain being discarded. Given
the number of parameters being estimated, the target acceptance ratio used is between 0.23
and 0.29.
3.6.1 Prior Distributions
For the estimations, priors are selected following the methodology of Smets and Wouters
(2007), and are listed in full in Appendix 3.6. The standard errors of all, σzj for j =∈
{y, k, u, s, g, i, e}, exogenous shock processes are given inverse gamma prior distributions
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with mean 0.1 and standard deviation of 2. The autoregressive parameters persistence pa-
rameters, ρj for j =∈ {y, k, u, s, g, i, e}, follow a beta distribution with mean 0.5 and standard
deviations of 0.2.
The elasticity of substitution parameters, σy and ν, are estimated using an inverse gamma
distribution with mean 0.4 and standard deviation 0.1. This distribution prevents negative
outcomes without the need for truncation but provides a large probability for values below
1. The advantage of this is that it provides additional curvature in the less defined region of
the maximum likelihood function and thereby improves the definition of the posterior distri-
bution. However, the drawback is that the shape is being dictated by the prior distribution
selected, rather than being guided by the data.6
3.7 Estimation Result
The estimated parameters for each model specification are found in Appendix 3.7, along
with the model comparison statistics. Shocks are found to be highly persistent, with the
shock persistence parameters greater or equal to 0.9 in every case for investment price and
government spending. The neutral productivity shock is usually close to the prior mean,
suggesting that when combined with factor augmenting technical changes, it has very little
additional effect. However, in cases where it is significantly different to the prior mean, one
of the biased productivity shock persistent parameters is instead closer to the prior mean,
with the Capital-Augmenting Technical Change persistence parameter in model specification
1.1 and the Unskilled-Augmenting Technical Change persistence parameter in specification
6While in chapter 2, a normal distribution was used for the priors of σy and ν, here it resulted in poor
estimations, with the posterior modes selected not maximising the log-posterior distribution for values close
to 0. The inverse gamma distribution parameters were chosen after testing estimation methods on data
simulated from a 2-input CES model. The data was simulated from the model under cases where the
elasticity of substitution parameter was set to σy = 0.25 and σy = 1.75. The main finding of the test that
compared estimations using priors of Inv(0.4,0.1), Inv(1,0.3), and N(1,0.3) with initial values of 0.67 and 1.67
was that only Inv(0.4, 0.1) with initial value 1.67 was able to consistently match both the simulated data.
Comparing various specifications by varying the initial values is therefore essential. While this work uses
a number of approaches to estimate parameters to find which is most likely, further research on estimating
CES parameters will need to be conducted in the future.
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3.1. This suggests that in each specification, one shock tends to be superfluous due to the
combination of the remaining shocks, but that it is not the same process across all specifi-
cations. These patterns are reflected in the standard deviations of the shocks.
The key outcome when comparing the estimates under different priors appears to be
that a trade off exists, so that the lower (higher) the estimate of the elasticity of substitution
parameter, the higher (lower) the shock variance and persistent.
The presence of near-random walk parameters are in keeping with existing literature.
In matching wage and employment data, technology shocks will persist to reflect how the
responses by households are slow due to the acquisition of education taking time, and capital
stock adjustments taking time.
Estimates for the elasticity of substitution parameters across all specifications largely find
the parameters less than 1 to be estimated between 0.2 and 0.3, while values greater than 1
are between 1.5 and 5. This range of values is more comparable to the estimates found for
US data in Chapter 2 using the model without endogenous educations.
To find which specifications perform best under each set of priors, the performance of
each model specification in matching data using the Posterior Odds ratio,
POxy =
P (D|θx)P (θx)
P (D|θy)P (θy) (3.36)
P (θx|D) is the posterior distribution of parameters θx given data D, and P (θx) is the prior
distribution of parameters in model x. Under Bayes Theorem, P (θx|D) is proportional to
the product of the maximum likelihood and the prior distribution of vector θ of parameters,
P (θ|D) ∝ P (D|θ)P (θ) (3.37)
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Using this the probability P (D|θ) is calculated by integrating across θ,
P (D|M) =
∫
Θ
P (D|θ,M)P (θ,M)dθ (3.38)
For the comparison, each model is given equal weighting, meaning that the Posterior Odds
ratio becomes the ratio of the maximum likelihoods. The best performing specification is
model 2.3, where skilled labour and capital are contained in the nested production function.7
This outperforms model 1.3, the favoured specification in the second chapter, while model
3.3, where the labour aggregator is the nested function, finishes third when estimated in UK
data and does not support the Capital Skill Hypothesis.8 Of the specifications considered,
only specifications with elasticity of substitution parameters are both less than 1 have non-
zero probabilities attached to them.
This finding, which was initially discovered in the second chapter, disagrees with the
mechanism discussed in the existing literature such as Balleer and Van Rens (2013), which
suggested σy > 1 so that positive productivity shocks to skilled labour increase the skill
premium.
The findings of this paper, which tend towards a much stronger complementary relation-
ship between all inputs, suggest that firms target a ratio of effective inputs - the productivity
of the input multiplied by the quantity of the input employed. A positive productivity shock
therefore increases the effective input above the profit maximising level, so that firms de-
mand less of the now more productivity inputs.
The results of the posterior odds model comparison finds that nested capital and skilled
7The posterior distributions and convergence statistics given in Appendix 3.8
8When comparing model performance, the marginal density is calculated using Geweke (1999) Modified
Harmonic Mean Estimator to simulate the marginal density from the Metropolis-Hastings algorithm. This
weights the posterior kernels to give less weight to extreme values. Under the Laplace Approximation
method, model specification 3.3 is strongly preferred. However, the Mean Harmonic Mean Estimator is the
preferred selection method as it uses more information from the simulation in forming the distribution.
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labour with both σy and ν less than 1 is ultimately preferred under all considered sets of
priors for UK data. Furthermore, the Capital-Skill Complementarity Hypothesis is rejected
for the favoured specification in UK data. While these findings reject the proposed param-
eterisation of Krusell et al. (2000), they do find that the nested capital and skilled labour
production function specification performs best in data.
The magnitude and persistence of the Capital-Augmenting Technical Change process
is surprising. as per Klump et al. (2007), the long run literature finds Capital-Augmenting
Technical Change to only play a temporary role, with labour shocks driving long run growth.
While the majority of the preferred models find large roles for Capital-Augmenting Technical
Change, model 1.1 gives a potential insight as to the reason for these large shocks.
While model 1.1 is by no means the preferred model, this specification does have a very
small Capital-Augmenting Technical Change compared to other model specifications, while
the favoured models all have the smallest (but most persistent) Capital-Augmenting Tech-
nical Change shocks within the set of models with the same ordering of inputs. Model 1.1
is the only specification where the Hicks-Neutral Technical Change shock deviates substan-
tially from the initial priors.9 Therefore, it could be the case that the Hicks-Neutral Technical
Change and Capital-Augmenting Technical Change are not clearly separated with the model
having a weak preference about which shock is driving series such as the skill premium.
This relates to the discussion in chapter 2 on the number of observables and number of
shocks. With the endogeneous skill acquisition, the model has 7 observables and 8 shocks.
The impact of this is that the shocks may aggregate disturbances, as discussed in Canova
and Ferroni (2019). Therefore, while the estimation method favours these parameter values,
future research may consider an adjustment to the estimation method. Simply removing the
Capital-Augmenting Technical Change process is not advised since this model is estimated
at business cycle frequencies and so the rational of the long run literature cannot be applied
9This was also found using other specifications. However, they were always outperformed by having a
larger Capital-Augmenting Technical Change and very small Hicks-Neutral Technical Change.
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as it is looking at medium and short run movements. The possibility of misspecification is
discussed at the end of section 3.9.
The business cycle moments estimated from the preferred specification in Appendix 3.9
show much more contemporary correlation than in UK data, as well as much higher volatility.
Under any form of differencing or filtering, the UK data in Appendix 3.2 has insignificant
correlation but has significant correlation in the estimated moments.
Examining the direction of the correlation, the data finds the skill premium to be acycli-
cal at first difference, as is relative hours worked by skilled labour and low skilled wages.
The estimated moments from the model find significant correlation as expected from the
RBC structure, with the skill premium following a counter-cyclical pattern and low skilled
wages a procyclical pattern. This result is due to the labour composition effect seen in the
data, with more unskilled labour employed in booms, but the model lacks frictions and so
the effect is instantaneous.
The model performs well at matching the skill premium and relative hours worked by
skilled labour to the productivity and price of capital investment. This matches the critique
of the model made by Lindquist (2004) that the structure performs well at modelling the
movement of skilled hours and wages relative to unskilled hours and wages, but struggles
to replicate the cyclical movement of the individual series. While this is a good motivation
to extend the model to add mechanisms that reflect the economy more accurately, the high
volatility suggests that large shocks are needed to match the series, potentially reflecting
some misspecification. This is discussed later in the chapter.
3.8 Impulse Response Functions
Having estimated the model, the responses to variables to shocks can be simulated. The
model is simulated for 100 periods following a shock, with the change in variables reported.
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The responses are shown in Appendix 3.10 and give the percentage deviation from steady-
state for each variable following the shock.
3.8.1 Skilled-Augmenting Technical Change
Following a positive shock to Skilled-Augmenting Technical Change, positive responses are
seen for output and consumption on impact in Figure 3.10, with capital stocks and invest-
ment also increasing. However, the increased productivity of skilled labour in the gross
complements structure causes a fall in skilled labour hours worked, while unskilled labour
hours worked increase, resulting in an initial decline in aggregate hours, before turning pos-
itive 8 quarters after the shock.
These changes result in increases in skilled wages from higher productivity and unskilled
wages from higher demand, but an overall fall in the skill premium due to their relative
sizes. These findings follow the intuition of the model when implementing a complementary
structure, as relatively more productive skilled labour means that less needs to be employed
to produce the same level of output for given quantities of all other inputs. The firm re-
optimises in response to the shock and uses less skilled labour but increases capital and
unskilled labour, resulting in higher output, wages, and aggregate labour productivity.
The fall in demand causes the household to decrease the supply of skilled labour, which
causes a fall in education spending of a similar amount. This means at business cycle fre-
quencies, a technology shock towards skilled labour would not increase the supply of skilled
workers from households, or the skill premium they earn.
3.8.2 Unskilled-Augmenting Technical Change
The responses of output and consumption to an Unskilled-Augmenting Technical Change
shock are greater than the responses to the Skilled-Augmenting Technical Change shock, as
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are the responses of capital stock and investment. Figure 3.11 shows how the Unskilled-
Augmenting Technical Change shock decreases unskilled labour employment and increases
skilled labour employment, similar to how the Skilled-Augmenting Technical Change shock
decreases skilled employment and increases unskilled employment.
The Unskilled-Augmenting Technical Change shock increases skilled labour wages and
unskilled labour wages by similar magnitudes after an initial negative response on impact.
The relative size of the wage changes means that the skill premium is positive on impact
before turning negative. Contrasting this to the Skilled-Augmenting Technical Change, a
key difference in the shocks is that the positive response on impact for Unskilled-Augmenting
Technical Change shock compared to the response in 8.1.
The changes in relative demand results in an increase in education spending by house-
holds to increase the proportion of skilled labour. The shock also increases demand for
capital by firms, increasing the rate of returns in the process. While productivity increases,
as under Skilled-Augmenting Technical Change, relative hours worked is increased on impact.
In Balleer and Van Rens (2013), Unskilled-Biased Technical Change and Skilled-Biased
Technical Change are identified by jointly imposing a long run restriction that only labour
productivity affects the skill premium, and a sign restriction that identifies a Skilled-Biased
Technical Change as when labour productivity and the skill premium move in the same
direction, with Unskilled-Biased Technical Change and Neutral Technical Change grouped
together. In the Impulse Response Functions presented using the estimated parameters, this
approach does not hold, as a Skilled-Augmenting Technical Change shock causes produc-
tivity to increase but the skill premium to decrease on impact. Conversely, the Unskilled-
Augmented Technical Change shock does cause positive skill premium and productivity
movement on impact.
The responses to the Unskilled-Augmenting Technical Change and Skilled-Augmenting
Technical Change shocks do not have symmetrical impacts on the model for a number of
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reasons. Firstly, the nested function means that the elasticity of substitution parameters
interact differently with the shocks. Secondly, while the shocks alter the optimal ratios, out-
put still increases as a result, causing positive demand effects that partially offset reductions
that exist from the firm re-optimisation. These effects result in positive wage growth for
both types of labour augmenting technical change shock.
3.8.3 Investment-Biased Technical Change Shock
The Investment-Biased Technical Change shock in Figure 3.12, the only shock to reduce the
cost of investment in capital, causes increases in output and an initial fall in consumption,
with households allocating more resources to saving in cheaper capital, before consumption
increases above the steady-state. The firms increased output and household increased saving
results in increased employment for both types of labour, with unskilled and skilled hours
worked, and capital increasing.
The initial response of wages is negative due to the increased supply of labour in the
market as households increase savings. Households also decrease education spending ini-
tially to increase savings in cheaper capital. However, after impact, wages rapidly increase
as firms demand labour to complement the increased capital stock, which increases earnings
for households, who in turn increase education and consumption spending.
As the Investment-Biased Technical Change shock here is a temporary shock, the re-
duction in the price of investment is only temporary before price return to the steady-state
value. The initial fall in price of investment causes firms to increase capital stock at a lower
cost, while also increasing employment. However, the temporary shock means that the cost
of investment begins to increase while more investment is needed to maintain the greater
levels of capital. As the price returns to normal, the firm begins to disinvest as the increasing
cost of purchasing more capital to make up for higher spending on depreciation means that
it becomes less profitable to maintain the level of capital stock. The disinvestment slowly
reduces capital stock, with the firm also cutting back on employment as the economy returns
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to steady-state.
This suggests that the initial response to an Investment-Biased Technical Change shock
will increase capital stocks, so that repeated temporary shocks, or a permanent shock, would
increase capital in the economy. However, a temporary shock at business cycle frequencies
will cause firms to increase capital temporarily to increase output, followed by a period of
disinvestment as prices revert to steady-state, with capital falling as a result.
3.8.4 Capital-Augmenting Technical Change Shock
In the estimation results, the Capital-Augmenting Technical Change is large and highly
persistent, with the process following a near random-walk and a shock standard deviation
greater than 10. In the Impulse Response Functions in Figure 3.13, the effects of the Capital-
Augmenting Technical Change shocks still greatly impact variables 100 quarters after the
initial impact. The positive shock causes output and consumption to increase, while capital
and investment both fall, due to capital inputs being more productive and so less demanded
at the optimal ratio.
This results in an increase in unskilled labour hours worked but a fall in skilled labour
hours worked, as well as increased spending on education, so that a smaller proportion of
unskilled labour is used more intensively following the shock. The change in relative demand
in turn causes the skill premium to decline, despite both wages rising. Total hours worked
initially increases before turning negative after 20 quarters, so that labour productivity in-
creases across the entire response window.
This pattern of response, which increases the supply of skilled workers while also pushing
the skill premium, is an important characteristic of the UK data, especially when contrasted
to the US. This mechanism may explain the prominence of the shock for the UK estimations.
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3.8.5 Government Spending Shock
The government spending shock, in Figure 3.14, increases output but not consumption. The
increase in government spending crowds out investment spending, which decreases, reducing
the stock of capital. The spending on education also declines, with the proportion of skilled
labour also declining in response. This is due to a substantial crowding out effect, as output
only increases by 60% of the increase in government spending, giving a government multi-
plier of 0.6, with over half of the effect of increased government spending lost by reductions
in consumption and investment.
The government spending shock does increase hours worked, with both skilled and un-
skilled hours worked increasing in response, increasing total hours worked and decreasing
labour productivity. Both wages decline in response, with the skill premium increasing. Gov-
ernment spending has negative implications on inequality as proportionally higher earnings
are focused into a smaller concentration of skilled workers.
3.8.6 Education Spending Shock
The education spending shock in Figure 3.15 increases the cost of education spending for
a given proportion of skilled workers. Following the shock, the household re-optimises the
proportion of skilled labour and the labour supply decision, lowering the proportion of skilled
labour, increasing hours worked by skilled labour, and decreasing hours worked by unskilled
labour. The shock to the cost of education reduces the size of the economy, with output,
consumption, capital stock, and investment all decreasing. This demonstrates how shocks
that increase the cost of education are detrimental to the economy as output and welfare
decrease in response.
Increasing skilled wages and decreasing unskilled wages causes a large increase in the
skill premium, increasing the wage inequality between skilled and unskilled workers. The
responses suggest that while increasing costs of education are beneficial to the skilled workers
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employed in the economy following the shock, they are detrimental to output, welfare, and
inequality.
As discussed in section 3.4.1, these responses seen here are felt on impact, with educa-
tion spending and proportion of skilled labour changing with no gestation period. While
this could be explained as the result of effects such as misallocation in the labour market,
with labour being relocated in response to the shock, further work to develop the function
for skill acquisition should be conducted in the future to see if it improves model performance.
3.9 Skill Premium Shock Decomposition
The movement of the skill premium, and the variable elements of the equation, can be de-
composed into the shocks present during the series. Appendix 3.11 shows how the effects
compound and offset in each term to generate the series.
The skill premium series is shown to be driven mainly by two shocks; the education cost
shock, ee, and the Capital-Augmenting Technical Change shock, ek. At the beginning of the
sample and throughout the 1990s, shocks to the cost of education are seen to be pushing the
skill premium down, while Capital-Augmenting Technical Change has a positive effect.
In the early 2000s however, this effect is inversed, with education cost shocks now pushing
the series upwards while Capital-Augmenting Technical Change pushes it down. Following
the Financial Crisis, the effect of both these shocks declines significantly, with education
cost shocks effect on the skill premium reversing again towards the end of the sample period.
Labour augmenting shocks are present throughout but play a minor role in determining the
skill premiums business cycle movements, in contrast to the view held in existing literature.
The Relative Employment of Skilled Labour decomposition provides evidence as to why
augmenting labour shocks ultimately have little impact on the skill premium series. The
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term has a similar but opposing direction effect to the Relative Labour Technical Change.
These effects ultimately offset in the Skill Premium series so that augmenting labour techni-
cal changes do not significantly impact the skill premium series at business cycle frequencies.
The shock decomposition for the Relative Elasticity of Substitution component of the
skill premium shows that the production technology used, as determined by the nested-CES,
determines the augmenting technical change that is most prominent, although not necessar-
ily of the skill premium series itself.
The Relative Elasticity of Substitution series has a much larger magnitude than other
terms and is almost exclusively dictated by the Capital-Augmenting Technical Changes. As
the Capital-Skill Complementarity Hypothesis is rejected, the estimated elasticity of substi-
tution parameters give ν < 1 and ν > σy, so that the coefficient for the Relative Elasticity
of Substitution is positive in the Skill Premium equation.
As discussed in section 3.7, the finding that Capital-Augmenting Technical Change plays
a substantial role is somewhat surprising, even at business cycle frequencies. Looking at
the shock decomposition, the reason as to why Capital-Augmenting Technical Change plays
such a role appears to be clearer, as it is offsetting the impact of the Skilled-Augmenting
Technical Change and education shocks on the skill premium equation. These processes all
affect the Relative Elasticity of Substitution term, but the Skilled-Augmenting Technical
Change and education shocks also affect additional terms in the skill premium equation.
Because of the estimated parameters, the coefficients on the Relative Employment of Skilled
Labour and Relative Proportions of Skilled to Unskilled Labour terms are much greater
than the coefficient on the Relative Elasticity of Substitution term. This means that the
Capital-Augmenting Technical Change, that only appears in this last term , needs to be
much greater magnitude to affect the series.
The need for the Capital-Augmenting Technical Change to offset the Skilled-Augmenting
and education spending shock is predominantly due to the skill premium series itself. Unlike
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the US, the UK skill premium is downward sloping while supply of skilled labour and the
employment of skilled labour increase. The Capital-Augmenting Technical Change process
appears to play a key role in ensuring all the series match. While it was discussed in section
3.7 how aggregation may occur between Capital-Augmenting Technical Change and Hick-
Neutral Technical Change, a more straight-forward conclusion may be that the Krusell et al.
(2000) production function generates patterns seen in the US data during the 20th Century,
which motivated the literature, but is unable to match more traditional observations when
the skill premium falls instead. This might motivate removing the Capital-Augmenting Tech-
nical Change and rely on the Hicks-Neutral Technical Change to generate cyclical patterns
with smaller biased labour shocks to alter the skill premium.
Moreover, this finding is potentially important to works such as Duffy et al. (2004) that
looks at a panel of countries. Future research could consider revisiting these conclusions
using more detailed data approaches as outlined in this paper as the findings of the chapter
suggest cross-country variations may extend beyond the elasticity of substitution parameter.
3.10 Taxes, Subsidies, and Welfare
As the model incorporates a simple fiscal policy structure, it is possible to examine the ef-
fects of varied taxes and subsidies on welfare and inequality. As the household provides both
types of labour and therefore has perfect sharing of consumption, welfare is measured on the
basis of combined post-tax wages, while inequality is measured by the skill premium. The
government in the model has the option to set differentiated taxes on skilled and unskilled
wages, as well as subsidising the cost of gaining education for the household. This forms a
graduate tax situation, where workers with degrees pay a higher rate of tax on earnings.
As expected, the skill premium is decreasing for increases in the taxes for skilled wages
and for increases in the subsidies on educational spending, while an increase in taxes on un-
skilled workers increases the skill premium. This suggests that from an inequality position,
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increasing subsidies on educational spending so that education is less costly to households
while taxing the graduate earnings at a higher rate would reduce inequality the most.
The simplistic structure of the model means that corner solutions provide the best out-
come for minimising inequality, as the government does not have to consider the effect of such
policies on borrowing or government spending. However, from an inequality view, increas-
ing the access to education by reducing the cost faced by households whilst simultaneously
reducing the tax burden on unskilled workers in favour of skilled workers does reduce in-
equality. For permanent changes to levels of taxes on unskilled wages, the level of the skill
premium can be shown, with parity occurring when the skill premium is equal to 1.
The graph, presented in Appendix 3.12, show the effects of 5 percent changes in the
skilled wage tax rate and the subsidies on education spending for given rates of the unskilled
wage tax rates. The taxes for unskilled wages are set at 10%, the steady-state value used in
the estimation, 20%, and 40%. When estimating the model, the Skill Premium is calculated
using gross pay, as per the data. However, this does not factor the effects of the taxes on
the take-home pay. This is important as while inequality may exist in pre-tax earnings, the
effect on inequality would be only be seen once taxes are deducted.
Figure 3.19 shows how once taxes are deducted from the wage ratio, the skill premium
changes dramatically. Reducing taxes on unskilled wages or increasing subsidies on educa-
tion reduces inequality, as shown previously. However, increasing skilled wage taxes increases
inequality at lower levels, while decreasing inequality at higher levels.
Increasing the taxes on skilled wages reduces the incentives for households to purchase
skill. This in turn reduces educational spending and the proportion of skilled workers. In
doing so, the supply of unskilled labour is increased, pushing down unskilled wages. At the
same time, the reduction in skilled labour pushes the skilled wage up, so that despite the
taxes increasing, they take home relatively more pay than before. This increases inequality
as only a few workers get education, taking home more pay in the process, while workers
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who would formerly have been skilled become unskilled and push wages down.
While an optimal level of inequality may be targeted, it is not considered here. This is
because such a level of optimal inequality is motivated by a desired level of welfare, or a
trade off between welfare and inequality, or from providing sufficient incentives for a human
capital investment to generate growth, which is not present in this model. However, the
distortionary effects of the fiscal policy will affect the total earnings of the household, which
can be used to measure the overall welfare.
Comparing the impact of the policy choices on the total wages, the results find that while
subsides to household education spending improve aggregate wages, and therefore welfare,
taxes on both skilled wages and unskilled wages reduce welfare, with taxes on skilled wages
reducing welfare by a greater amount.
This is a very straightforward outcome of the RBC model. Distortionary taxes alter
the household labour supply decision so that less wealth is generated. Furthermore, the
perfect risk sharing nature of the household providing skilled and unskilled labour means
that the taxes on skilled labour, which earn higher wages, are more detrimental than those
on unskilled labour. This is in keeping with general economic literature comparing lump
sum taxes to distortionary taxes. In a world where the government is trying to maximise
the combined wealth of all agents therefore, it would look to minimise the tax burden on
households whilst maximising their earning potential using education.
While this analysis gives broad conclusions on how a government may trade off inequality
objectives against welfare objectives, it is difficult to be precise in designing a policy. Govern-
ments here have a general level of spending, with additional spending on education, to meet
using bonds and taxes without having to justify surpluses or debt. Furthermore, designing
the objective function to weigh the goals of inequality and welfare against each other is be-
yond the scope of this model and highly subjective. However, in both situations, government
subsidies of education prove to be beneficial. This can potentially be paid for by differenti-
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ating taxes on skilled and unskilled workers, depending on the cost of the education subsidy.
However, this reduces welfare more, due to the greater loss of wealth, at an increasing rate
as higher education subsidies mean more workers become skilled labour and pay higher tax
rates, and potentially causes further inequality by pricing labour out of the graduate market.
3.11 Structural VAR
So far, the data methodology from Balleer and Van Rens (2013) has been used to provide
series to estimate the DSGE model parameters. However, Balleer and Van Rens (2013) es-
timate Structural VARs (SVARs) using data from the US, as discussed in chapter 1. The
conclusions found are therefore not directly comparable to the DSGE model. The DSGE
model uses micro-founded theory to specify equations and parameters, such as in the house-
hold decision making, and makes assumptions about agents such as rationality. This differs
to the SVAR which uses theory to restrict the parameters space, meaning that the models
are not describing the same economy, and so cannot be compared. Furthermore, the dimen-
sionality problems of the VAR limit the horizon of the model, while DSGE agents in this
model have full information and construct plans for all time with this information.
This section therefore repeats the analysis of chapter 1 using UK data so results can be
compared to see how the different characteristics of UK data on the skill premium and labour
markets affect the SVAR impulse responses when compared to the US data. The SVAR im-
pulse response functions are shown in Appendix 3.13. The observable series, shocks, and
restrictions on B−10 are set out using the notation seen in chapter 1.
The first specification uses a long run approach to jointly identify Skilled-Biased Technical
Change (SBT) and Unskilled-Biased Technical Change (UBT) shocks as those shocks causing
changes in (labour) productivity and the skill premium, from a Hicks-Neutral Technical
Change (SNT) shock that only affect productivity. This is estimated using the long run
restrictions described in chapter 1, ordering the observable variables and imposing a lower
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triangle on β−10 . Applying the same notation as chapter 1, this gives,
Yt =

yskpt
yprodt
ytot.hourst
 ,  =

SBT+UBTt
SNTt
non−labourproductivityt
 , β−10 =

b11 0 0
b21 b22 0
b31 b32 b33

The responses can be seen in Figure 3.21. Using UK data, biased labour shocks increase
the skill premium by definition, and have a positive impact on productivity, again by defini-
tion, but with some periods tending to be insignificant. The Hicks-Neutral Technical Change
shock increases productivity and hours significantly but not skill premium.
Contrasting this with the findings of Chapter 1, the key difference between UK and US
data is the response of total hours. The US data produces similar directional and magni-
tude responses for skill premium and productivity, but the total hours response to a neutral
technology shock is negative, whereas in the UK data it is positive. There are also much
tighter bands on total hours in the UK data, as opposed to the wide bands for the US.
The second specification identifies Skilled-Biased Technical Change using the previous
long run restriction combined with a sign restriction that under a Skilled-Biased Technical
Change shock, changes in the skill premium are in the same direction as the movement in
productivity. This rational suggests that a Skilled-Biased Technical Change shock increases
productivity and earnings of skilled labour relative to the earnings of unskilled workers,
while an Unskilled-Biased Technical Change increases productivity of aggregate labour but
decreases the earnings of skilled labour relative to unskilled labour. A supply shock, measur-
ing shocks changing the relative supply of skilled workers to unskilled workers, is introduced
by using a second sign restriction to identify the shock as when the movement in relative
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employment of skilled labour is in the opposite direction to the skill premium.
Yt =

yrel.hourst
yskpt
yprodt
ytot.hourst
 ,  =

supplyt
SBTt
otherTt
othernon−Tt
 , β
−1
0 =

l11 > 0 l12 > 0 l13 ≤ 0 0
l21 < 0 l22 > 0 l23 ≤ 0 0
l31 l32 > 0 l33 ≥ 0 0
b41 b42 b43 b44

This assumption of substitutability is therefore used to identify the shocks in the pro-
posed model. When compared to the results found with US data in chapter 1, Figure 3.22
shows that the differences are again largely found in the total hours response. While the
skill premium responses are slightly larger for the UK than the US, total hours worked is
seen to move in the complete opposite direction, increasing slightly rather than falling under
SBT and other technology shocks. Relative hours move the same direction as the US, but
with much greater magnitude. Furthermore, the response of productivity to a supply shock
is insignificant in UK data, as opposed to the short period of insignificant negative response
in US data.
The differences suggest that the UK has employment that is less responsive to technology
shocks when compared to the US, and that the composition of shocks in the UK may differ,
as the observations of the skill premium differ between the UK and the US. In US data,
relative hours of skilled labour increase, but both high and low skilled hours fall, giving the
fall in total hours. In contrast, UK relative hours increase but so does high skilled hours,
while low skilled hours fall. This generates offsetting effects so total hours worked remain
unmoved. Similar differences are found in the skill premium and wages, where the US skill
premium increases with both low skilled and high skilled wages increasing, whilst in the UK,
the skill premium increases due to positive movements in high skilled wages and negative
(but largely insignificant) movements in low skilled wages.
The final specification considered identifies the Investment-Biased Technical Change
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(IBT) shock by a long run restriction that states that the price of capital investment is only
affected by Investment-Biased Technical Change shocks, with Investment-Neutral Technical
Change (INT) collecting shocks that do not affect the price of capital investment. The shocks
are identified by long run restrictions, with the lower triangle applied to identify IBT shocks
as the only shocks that affect the price of capital investment. INT shocks, including biased
labour productivity shocks, are ordered second so that having identified the IBT shocks, all
other shocks are grouped. This ordering is used specifically for the identification if IBT,
while following specifications order the remaining variables to identify further shocks. As in
chapter 1, this specification is only used to examine IBT and INT shocks, with the remaining
shocks having representing grouped non-productivity errors such as measurement.
Yt =

ypricet
yprodt
yskpt
ytot.hourst
 ,  =

IBTt
INTt
skpt
tot.hourst
 , β
−1
0 =

b11 0 0 0
b21 b22 0 0
b31 b32 b33 0
b41 b42 b43 b44

The response to the Investment-Biased Technical Change shock seen in Figure 3.23
demonstrate some of the largest differences between UK data and US data, and the dif-
fering importance of investment. This is partly due to the differences in the data, as the
UK does not have data for the 1980s, and the two economies themselves. In the US data,
Investment-Biased Technical Change and Investment-Neutral Technical Change shocks affect
variables in the same direction but magnitudes differ slightly, with the total hours worked
response to Investment-Biased Technical Change shocks being highly insignificant.
In the UK data however, the skill premium response to Investment-Biased Technical
Change shocks, while positive, is insignificant for nearly every period of the response, while
the productivity response is insignificant for half of the observed responses. The responses
for both these variables to Investment-Neutral Technical Change shocks meanwhile are pos-
itive and significant, as is the response to total hours. This total hours response once again
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differs from the US.
3.12 US Data Estimates
Using the same estimation approach outlined in section 6, the model is now estimated using
US data, with the results and model comparisons shown in Appendix 3.14. In comparison
to the results presented for UK data, the standard deviation estimates for shocks are much
smaller. While in the UK data, shock standard deviations are seen which exceed 10, there are
no shocks in the US estimation results that exceed 5. Much like the UK estimation results,
the technical change processes are near-random walks in the majority of cases. Furthermore,
the Hicks-Neutral Technical Change estimates are similarly invariant from the prior means
used to estimate the persistence and standard deviation parameters.
While the size of the technology shocks are much lower when estimated in US data than
the UK estimates, similarities exist in the ratio between the augmenting technical processes
and education shocks. The major exception is that in the US data, the largest shock is usu-
ally in education spending whereas in the UK data, it is the Capital-Augmenting Technical
Change shock. However, given the differences in the Skill Premium data for each country,
this is not unexpected.
The shock decomposition for the UK skill premium shows that the downward sloping
skill premium is attributed to large Capital-Augmenting Technical Change shocks, which
cause the skill premium to fall. Therefore, the larger Capital-Augmenting Technical Change
shocks in the UK data should be proportionally greater than in the US to reflect these dif-
ferences. By contrast, the education spending shocks are show to increase the skill premium,
and these are found to be on average larger in the US.
The elasticity of substitution parameter estimates show similar ranges of values to those
seen in the UK data. However, the favoured specification for US data, model 2.1, uses the
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Krusell et al. (2000) ordering of inputs, nesting capital and skilled labour with ν < 1, and
combining with more substitutable unskilled labour where σy > 1.
10 These findings differ
from those with UK data, which found both elasticity of substitution parameters to be less
than 1, and from chapter 2, which favoured specification 1.3 when using US data. However,
this approach does also retain the Capital-Skill Complementarity Hypothesis.
This shows that the addition of the household choice on proportion of skilled labour
affects the fit of the model to favour the form commonly used in the literature. However,
with σy = 4.87 and ν = 0.18, the parameter values still drastically exceed the common
parameterisation values, as well as substantially larger values than those found in chapter 2.
However, more extreme elasticities of substitution may be necessary to match the relative
supply of skilled labour data as well as the employment data, and do not exceed estimations
discussed in Lindquist (2004) from Hamermesh (1993).
For the US shock decompositions in Appendix 3.16, the Capital-Augmenting Technical
Change and education spending shocks are shown to be key elements in the US skill premium
series. However, Skilled-Augmenting Technical Change and Unskilled-Augmenting Technical
Change shocks are key in the US skill premium decomposition too, accounting for significant
shares of the series. This differs to the UK where they have a very minor role.
The early part of the skill premium series is dominated by Unskilled-Augmenting Tech-
nical Change shocks that does not appear in the UK data. From the mid-1980s however,
education spending and Capital-Augmenting Technical Change shocks become more promi-
nent, causing rapid growth. The Skilled-Augmenting Technical Change can also be seen to
become more prominent.
This continues until the Financial Crisis where, as with the UK, the skill premium falls
back towards steady-state. Unlike in UK data however, the Capital-Augmenting Technical
Change shock is not contributing to this downturn. This can be explained by the retention
10The posterior distributions and convergence statistics given in Appendix 3.15
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of the Capital-Skill Complementarity Hypothesis on the Relative Elasticity of Substitution
term, where the Capital-Augmenting Technical Change shock term appears, which would
here be negative due to σy > ν with ν < 1.
The Relative Employment of Skilled Labour term is still largely dominated by Capital-
Augmenting Technical Change and Skilled-Augmenting Technical Change shocks, as in UK
data too. For the US however, the roles are reversed, with Capital-Augmenting Technical
Change now having a positive effect while Skilled-Augmenting Technical Change has a neg-
ative effect. This is in keeping with the impulse responses presented in chapter 2 and differ
to the UK again due to changes in degrees of substitutability between inputs.
The Relative Elasticity of Substitution term for the US looks more similar to the UK,
although with a much smaller magnitude. Whilst the UK Relative Elasticity of Substitution
term begins positive and turns negative, the US series becomes positive at the end of the
sample. The series for each country are dominated by the Capital-Augmenting Technical
Change shock and closely match the impact of the series seen in the skill premium decom-
position for each country respectively.
Contrasting the US decomposition to the UK, the importance of varying the elasticity of
substitution parameters becomes evidently important. Differences in the direction of each
country’s skill premium series are captured by the elasticity of substitution parameters in
varying the substitutability between inputs causes the effects on output to change, so that
augmenting shocks affect wages and output differently.
Studying the shock decomposition for the US, and contrasting it to the UK, demonstrates
the importance of using microfounded estimates for each country instead of applying com-
mon calibrations for all models, as the effects of shocks can vary wildly depending on the
elasticity of substitution parameter values.
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3.13 Conclusion
The extension of the existing analysis on the skill premium to include UK economic data
and endogeneous education choices demonstrates the importance of modelling the household
design on education and the differences that exist between the UK and US economies when
looking at the graduate market.
Estimates in UK data show that the Capital-Skill Complementarity Hypothesis is not
supported in the UK. Furthermore, shocks in UK data are generally larger, with the Capital-
Augmenting Technical Change featuring more prominently to match the UK skill premium
data than is seen in the US data, where the education spending shock is more prominent.
The direction of movement for the skill premium series is shown to be determined by which
is these shocks is dominant over the other. The results for the UK find that with the endo-
geneous education choice, the best performing specification used capital and skilled labour
in the nested production function, with ν = 0.30 and σy = 0.22. Furthermore, having both
elasticity of substitution parameters less than 1 always performs better under any specifica-
tion of the production function, a finding that rejects the conventional parameterisation used
in the literature. The findings presented for estimated parameters and the impulse response
directions should be considered for implementing VAR restrictions in future research. Other
extensions include expanding the model beyond business cycle frequencies to examine the
effects of data trends on the estimated parameters.
The decomposition of the skill premium data using the model estimates shows are large
proportion of the movement is explained via the education spending shocks, demonstrating
the importance of the endogeneous education decision by households in explaining the skill
premium series. The findings show the Relative Elasticity of Substitution term, which is
determined by the ordering of inputs in the production function, is the key determining
element of the skill premium equation.
Using the endogeneous education specification for US data, the favoured form of the
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model follows the ordering originally outlined in the literature. Comparing these findings
with chapter 2, this again shows the importance of introducing the endogeneous education
choice to the model. In keeping with the previous findings, the elasticity of substitution
parameters found here are more extreme values than those commonly used in the literature.
Therefore, using the established σy = 1.67 and ν = 0.67 in calibrated models will produce
outcomes that are too conservative compared to the estimates found using the data.
Analysing the role of government fiscal policy, the broad conclusions reached are that
government subsidies on education improve both welfare and inequality. Simulations using
differentiated tax policies suggest that a government focused on improving inequality may
consider taxing skilled wages at a higher rate to support education subsidies, although this
has greater welfare implications and can be seen to generate further inequality from remov-
ing the incentives to become skilled. Simulations of the policies also shows that at lower
tax levels, increasing taxes on skilled wages can increase inequality. Further research into
introducing government objectives and budget rules within this model would be necessary
to give quantitative support for such a policy.
In future research, the basic model presented in this chapter has two main directions in
which it could be expanded. The first is the mechanisms incorporated into the model. In
addition to introducing New Keynesian frictions to better model wages, implementing an
over-lapping generation model structure would better reflect the household decision making
processes. The second direction would be to move beyond business cycle frequencies. Leo´n-
Ledesma and Satchi (2018) propose a form of the production function that would keep the
short run dynamics presented in this chapter while housing it within a long run production
function. Expanding the model in this manner would allow for similar data driven compar-
isons to be made to works such as Caselli and Coleman II (2006) and Jones (2005).
This chapter applied both the SVAR approach outlined in chapter 1 and the DSGE ap-
proach described in chapter 2 to formulate a more extensive model and estimate parameters
in UK data. The results enabled comparisons to be made between the US and the UK in
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both the VAR and DSGE models previously considered. The estimates presented here are
an important foundation to expand the literature beyond the historic calibrations used in
models of the skill premium, providing estimates supported by data. Future research into
modelling the skill premium should use the estimated parameter values presented here for
calibration to better capture the characteristics of the economies being modelled.
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3.14 Appendix 3.1: UK Data Series
Figure 3.1: Relative Supply of Skilled Workers for Graduates Workers and Higher Educations
Workers (hours weighted proportion of skilled workers in the labour force, ONS QLFS)
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Figure 3.2: Relative Employment of Skilled Workers for Graduates Workers and Higher Educations
Workers (hours weighted proportion of skilled workers employed in non-agricultural jobs, ONS
QLFS)
205
Figure 3.3: Wage of Low Skilled Labour for Graduates Workers and Higher Educations Workers
(log usual hourly pay of unskilled workers, ONS QLFS)
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Figure 3.4: Skill Premium for Graduates Workers and Higher Educations Workers (log ratio of
usual hourly pay between skilled workers and unskilled workers, ONS QLFS)
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3.15 Appendix 3.2: Business Cycle Moments and Cor-
relations
Table 3.2: Business Cycle Moments, UK Data
Correlation
Levels Std Output Productivity
Price of Capital
Investment
Skill Premium 0.0768 -0.9528*** -0.9225*** 0.8521***
Relative Hours Worked 0.0065 -0.7861*** -0.7497*** 0.6902***
Low Skilled Wages 1.7230 0.9802*** 0.9656*** -0.8984***
Relative Supply 0.3150 0.9684*** 0.9362*** -0.9058***
First Differenced
Skill Premium 0.0250 0.0319 -0.0683 -0.1721*
Relative Hours Worked 0.0029 -0.1391 -0.0582 0.0114
Low Skilled Wages 0.0629 0.0573 -0.0882 0.0343
Relative Supply 0.0085 0.0336 0.0323 -0.0793
Hodrick-Prescott Filter
Skill Premium 0.0191 -0.0050 -0.0478 -0.1440
Relative Hours Worked 0.0031 -0.2589*** -0.0649 -0.1009
Low Skilled Wages 0.0603 -0.0457 -0.1534 0.1598
Relative Supply 0.0106 -0.0131 0.1754* 0.1899*
Baxter King Bandpass Filter
Skill Premium 0.0179 0.0312 0.0225 -0.0868
Relative Hours Worked 0.0033 -0.2943** -0.0482 0.1174
Low Skilled Wages 0.0581 0.0325 -0.0943 0.3266***
Relative Supply 0.0106 -0.0371 0.2519** 0.3076***
* denotes 10% significance, ** denotes 5% significance, *** denotes 1% significance.
The Hodrick-Prescott filter is calcualted with λ = 1600.
The Baxter King Bandpass Filter is calculated for frequencies between 2 and 32 quarters, with K = 12.
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Table 3.3: Correlation and Significance: Raw UK Data
Corr\P-value Skill
Premium
Relative Hours
Worked
Low Skilled
Wages
Relative
Supply
Output Productivity
Price of Capital
Investment
Skill
Premium
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Relative Hours
Worked
0.7769 0.0000 0.0000 0.0000 0.0000 0.0000
Low Skilled
Wages
-0.9527 -0.8148 0.0000 0.0000 0.0000 0.0000
Relative
Supply
-0.9569 -0.7981 0.9896 0.0000 0.0000 0.0000
Output -0.9528 -0.7861 0.9802 0.9684 0.0000 0.0000
Productivity -0.9225 -0.7497 0.9656 0.9362 0.9843 0.0000
Price of Capital
Investment
0.8521 0.6902 -0.8984 -0.9058 -0.8815 -0.8556
Table 3.4: Correlation and Significance: First Differenced UK Data
Corr\P-value Skill
Premium
Relative Hours
Worked
Low Skilled
Wages
Relative
Supply
Output Productivity
Price of Capital
Investment
Skill
Premium
0.2497 0.0484 0.2823 0.7568 0.5062 0.0918
Relative Hours
Worked
0.1180 0.5096 0.1928 0.1743 0.5711 0.9121
Low Skilled
Wages
-0.2009 -0.0678 0.3779 0.5770 0.3901 0.7389
Relative
Supply
0.1103 0.1334 -0.0905 0.7441 0.7538 0.4401
Output 0.0319 -0.1391 0.0573 0.0336 0.0011 0.3825
Productivity -0.0683 -0.0582 -0.0882 0.0323 0.3261 0.6560
Price of Capital
Investment
-0.1721 0.0114 0.0343 -0.0793 -0.0897 -0.0458
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Table 3.5: Correlation and Significance: Hodrick-Prescott Filtered UK Data
Corr\P-value Skill
Premium
Relative Hours
Worked
Low Skilled
Wages
Relative
Supply
Output Productivity
Price of Capital
Investment
Skill
Premium
0.3893 0.0182 0.5914 0.9609 0.6403 0.1572
Relative Hours
Worked
0.0879 0.4588 0.0012 0.0100 0.5253 0.3230
Low Skilled
Wages
-0.2381 -0.0757 0.7416 0.6547 0.1316 0.1159
Relative
Supply
-0.0549 0.3230 0.0337 0.8979 0.0841 0.0611
Output -0.0050 -0.2589 -0.0457 -0.0131 0.0000 0.0602
Productivity -0.0478 -0.0649 -0.1534 0.1754 0.5461 0.3105
Price of Capital
Investment
-0.1440 -0.1009 0.1598 0.1899 -0.1905 -0.1035
Table 3.6: Correlation and Significance: Baxter King Bandpass Filtered UK Data
Corr\P-value Skill
Premium
Relative Hours
Worked
Low Skilled
Wages
Relative
Supply
Output Productivity
Price of Capital
Investment
Skill
Premium
0.7711 0.0043 0.1314 0.7919 0.8491 0.4619
Relative Hours
Worked
0.0344 0.3104 0.0084 0.0109 0.6832 0.3190
Low Skilled
Wages
-0.3282 -0.1195 0.6967 0.7837 0.4243 0.0045
Relative
Supply
-0.1770 0.3043 0.0461 0.7535 0.0304 0.0077
Output 0.0312 -0.2943 0.0325 -0.0371 0.0000 0.0329
Productivity 0.0225 -0.0482 -0.0943 0.2519 0.5793 0.3052
Price of Capital
Investment
-0.0868 0.1174 0.3266 0.3076 -0.2484 -0.1208
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3.16 Appendix 3.3: Model Equations
uct =
(
Ct
1−σ1−σ2 (ψt (1−HSt ))σ1 ((1− ψt) C (1−HUt ))σ2)σ3−1(
(1− ψt)
(
1−HUt
))σ2 (
ψt
(
1−HSt
))σ1
(1− σ1 − σ2) Ct−σ1−σ2 (3.39)
uHSt = −
((
Ct
1−σ1−σ2 (ψt (1−HSt ))σ1 ((1− ψt) (1−HUt ))σ2)σ3−1)(
(1− ψt)
(
1−HUt
))σ2
Ct
1−σ1−σ2 σ1 ψt
(
ψt
(
1−HSt
))σ1−1
(3.40)
uHUt = −
((
Ct
1−σ1−σ2 (ψt (1−HSt ))σ1 ((1− ψt) (1−HUt ))σ2)σ3−1)(
ψt
(
1−HSt
))σ1
Ct
1−σ1−σ2 σ2 (1− ψt)
(
(1− ψt)
(
1−HUt
))σ2−1
(3.41)
uψt =
(
Ct
1−σ1−σ2 (ψt (1−HSt ))σ1 ((1− ψt) (1−HUt ))σ2)σ3(
σ1
ψt
− σ2
1− ψt
)
(3.42)(−uHUt )
uct
= (1− ψt) WUt (1− τu) (3.43)(−uHSt )
uct
= ψtW
S
t (1− τs) (3.44)(
−uψt
)
uct
= (1− τs) HSt W St − (1− τu) HUt WUt − (1− τa) eEt ψtθ−1 (3.45)
β uct+1
uct
=
Qt
(1− τk) rt+1 +Qt+1 (1− δ) (3.46)
Pt =
Qt
(1− τk) rt+1 +Qt+1 (1− δ) (3.47)
Xt = X0
γ (eZKt Kt−1
K0
) ν−1
ν
+ (1− γ)
(
HSt e
ZSt ψt
λ
HS0t
) ν−1
ν

ν
ν−1
(3.48)
Yt = Y0 e
ZYt
ζ (Xt
X0
)σy−1
σy
+ (1− ζ)
(
HUt e
ZUt 1−ψt
1−λ
HU0
)σy−1
σy

σy
σy−1
(3.49)
W St = (1− γ) ζ
(
Y0 e
ZYt
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(
X0 r
(ZSt )
λHS0t
) ν−1
ν (
Xt
ψtHSt
) 1
ν
(3.50)
WUt = (1− ζ)
(
Y0 e
ZYt exp
(
ZUt
)
HU0 (1− λ)
)σy−1
σy
(
Yt
(1− ψt) HUt
) 1
σy
(3.51)
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rt = γ ζ
(
Y0 e
ZYt
X0
)σy−1
σy
(
Yt
Xt
) 1
σy
(
X0 e
ZKt
K0
) ν−1
ν (
Xt
Kt−1
) 1
ν
(3.52)
Gt = Yt gt (3.53)
Yt = Gt + Ct + It +
exp (Et) ψt
θ
θ
(3.54)
It = Qt (Kt − (1− δ) Kt−1) (3.55)
Qt =
1
eZI t
(3.56)
Gt +Bt + τa
eEt ψt
θ
θ
= PtBt+1 + τs ψtH
S
t W
S
t + τu (1− ψt) HUt WUt
+ τkKt−1 rt (3.57)
EDUCt =
eEt ψt
θ
θ
(3.58)
SKP t =
W St
WUt
(3.59)
Ht = ψtH
S
t + (1− ψt) HUt (3.60)
prodt =
Yt
Ht
(3.61)
relht =
HSt
HUt
(3.62)
Et = ρeEt−1 + σe it (3.63)
gt = (1− ρg) gss + ρg gt−1 + σzg gt (3.64)
ZIt = ρi Z
I
t−1 + σzi it (3.65)
ZYt = ρy Z
Y
t−1 + σzy yt (3.66)
ZKt = ρk Z
K
t−1 + σzk kt (3.67)
ZUt = ρu Z
U
t−1 + σzu ut (3.68)
ZSt = ρs Z
S
t−1 + σzs st (3.69)
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3.17 Appendix 3.4: Steady State Equations
Y = Y0 (3.70)
X = X0 (3.71)
ψ = ψ0 (3.72)
HU = HU0 (3.73)
HS0 = HU
(
1 + h˜
)
(3.74)
HS = HS0 (3.75)
Q = 1 (3.76)
g = gss (3.77)
Zy = Zk = Zu = Zs = Zi = E = 1 (3.78)
τs = τu + τ˜ (3.79)
G = gY (3.80)
r =
(
1
β
)
− (1− δ)
1− τk (3.81)
P = β (3.82)
K0 =
αY
r
(3.83)
K = K0 (3.84)
I = δK (3.85)
ζ =
α + w˜h˜ ψ
1−ψ
1 + w˜h˜ ψ
1−ψ
(3.86)
WU = (1− ζ) Y0
HU (1− ψ) (3.87)
γ =
α
ζ
(3.88)
W S = ζ (1− γ) Y0
HSψ
(3.89)
θ = 1 +
(
log
(
W S (1− τs)−WU (1− τu)
)− log (1− τa)
(log (ψ)
)
(3.90)
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C = Y − I −
(
ψθ
θ
)
−G (3.91)
B =
W SHSψτs +W
UHU (1− ψ) τu + rτk −
(
exp(E)ψθ
θ
)
τa −G
1− P (3.92)
T =
w˜ψ (1− τ s) (1−HS)
(1− ψ) (1− τu) (1−HU) (3.93)
σ2 =
(
1 + T +
(
C
(1−HU) (1− τu) (1− ψ)WU
))−1
(3.94)
σ1 = Tσ2 (3.95)
uc =
(
C1−σ1−σ2
(
ψ
(
1−HS))σ1 ((1− ψ) C (1−HU))σ2)σ3−1(
(1− ψ) (1−HU))σ2 (ψ (1−HS))σ1 (1− σ1 − σ2) C−σ1−σ2 (3.96)
uHS = −
((
C1−σ1−σ2
(
ψ
(
1−HS))σ1 ((1− ψ) (1−HU))σ2)σ3−1)(
(1− ψ) (1−HU))σ2 C1−σ1−σ2 σ1 ψ (ψ (1−HS))σ1−1 (3.97)
uHU = −
((
C1−σ1−σ2
(
ψ
(
1−HS))σ1 ((1− ψ) (1−HU))σ2)σ3−1)(
ψ
(
1−HS))σ1 C1−σ1−σ2 σ2 (1− ψ) ((1− ψ) (1−HU))σ2−1 (3.98)
uψ =
(
C1−σ1−σ2
(
ψ
(
1−HS))σ1 ((1− ψ) (1−HU))σ2)σ3(
σ1
ψ
− σ2
1− ψ
)
(3.99)(−uHU)
uc
= (1− ψ) WU (1− τu) (3.100)(−uHS)
uc
= ψW S (1− τs) (3.101)(−uψ)
uc
= (1− τs) HSW S − (1− τu) HU WU − (1− τa) eE ψθ−1 (3.102)
SKP =
W S
WU
(3.103)
H = ψHS + (1− ψ)HU (3.104)
PROD =
Y
H
(3.105)
relh =
HS
HU
(3.106)
EDUC =
exp (E)ψθ
θ
(3.107)
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3.18 Appendix 3.5: Calibrated Parameters
Table 3.7: UK Parameter Values
Parameter Value Description
α 0.300 Capital Share
β 0.960 Discount Factor
δ 0.025 Depreciation Rate
σ3 -2.000 Intertemporal Elasticity of Substitution
HU0 0.330 Steady-State Unskilled Labour
h˜ 1.043 HS0/HU0-1
gss 0.100 Steady-State Government Spending-Output Ratio
τu 0.150 Tax Rate for Labour
τ˜ 0.000 Higher Education Tax
τk 0.000 Tax Rate for Capital
τa 0.000 Subsidy on Education Spending
w˜ 1.680 Steady-State Skill Premium
ψ0 0.235 Steady-State Proportion of Skilled Labour
Y0 1.000 Normalised Steady-State Output
X0 1.000 Normalised Steady-State Capital-Skill Output
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3.19 Appendix 3.6: Prior Distributions
Table 3.8: Model Prior Distributions
Dist. Mean Std. Dist. Mean Std.
σy Invgamma 0.4 0.1 ν Invgamma 0.4 0.1
ρi Beta 0.5 0.2 σzi Invgamma 0.1 2
ρe Beta 0.5 0.2 σze Invgamma 0.1 2
ρg Beta 0.5 0.2 σg Invgamma 0.1 2
ρy Beta 0.5 0.2 σzy Invgamma 0.1 2
ρk Beta 0.5 0.2 σzk Invgamma 0.1 2
ρu Beta 0.5 0.2 σzs Invgamma 0.1 2
ρs Beta 0.5 0.2 σzu Invgamma 0.1 2
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3.20 Appendix 3.7: UK Model Parameter Estimates
and Model Comparison Statistics
Table 3.9: UK Model Parameter Estimates
Model Specifications
1.1 1.2 1.3 1.4 2.1 2.2 2.3 2.4 3.1 3.2 3.3 3.4
σy 2.92 0.22 0.27 1.52 4.87 0.18 0.22 1.58 4.70 0.30 0.28 4.87
ν 0.22 4.87 0.27 4.09 0.31 3.77 0.30 3.11 0.23 2.11 0.22 1.52
ρi 0.98 0.92 0.96 0.92 0.99 0.99 0.96 0.99 0.92 0.97 0.96 0.91
ρe 0.92 0.97 0.86 0.94 0.94 0.94 0.87 0.94 0.95 0.88 0.86 0.94
ρg 0.97 0.96 0.96 0.96 0.90 0.97 0.96 0.97 0.96 0.96 0.96 0.97
ρy 1.00 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.99 0.50 0.50 0.50
ρk 0.50 0.96 1.00 0.94 0.50 0.94 1.00 0.94 0.95 1.00 1.00 0.92
ρu 0.98 0.97 0.80 0.98 0.98 0.75 0.75 0.98 0.50 0.90 0.82 0.98
ρs 1.00 0.92 0.89 0.98 0.95 0.97 0.92 0.97 0.98 0.74 0.90 0.98
σzi 1.48 1.47 1.47 1.47 1.48 1.48 1.47 1.48 1.47 1.47 1.47 1.47
σze 7.78 7.66 8.36 7.72 7.71 7.71 8.25 7.71 7.69 8.14 8.32 7.70
σg 0.93 3.14 1.22 2.59 4.00 1.89 1.25 1.99 2.94 1.14 1.19 2.54
σzy 3.74 0.05 0.05 0.05 0.05 0.05 0.05 0.05 8.15 0.05 0.05 0.05
σzk 0.05 14.62 5.48 22.98 3.79 12.90 5.64 26.91 26.15 6.34 5.70 18.19
σzs 11.84 6.13 6.73 21.02 11.06 15.47 7.21 6.95 8.51 5.54 6.42 13.11
σzu 6.39 11.06 3.57 6.92 7.83 2.60 2.97 17.60 0.05 5.33 3.46 10.51
σh 5.41 5.41 5.41 5.41 5.41 5.41 5.41 5.41 5.41 5.41 5.41 5.41
Values are rounded to 2 decimal places. All persistence parameters are bounded ρ ∈ (0, 1)
Table 3.10: UK Model Comparison
Log Marginal
Density
Posterior Model
Probability
Model
1.1 -1834.50 0
1.2 -1858.79 0
1.3 -1689.23 0.0416
1.4 -1932.81 0
2.1 -1788.89 0
2.2 -1827.22 0
2.3 -1686.27 0.8050
2.4 -1942.99 0
3.1 -1908.72 0
3.2 -1752.43 0
3.3 -1687.92 0.1534
3.4 -1909.31 0
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3.21 Appendix 3.8: UK Posterior Distributions and
Convergence Statistics
Figure 3.5: Prior and Posterior Plots for Capital-Skill Complementarity Production Function spec-
ification for UK model
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Figure 3.6: Prior and Posterior Plots for Capital-Skill Complementarity Production Function spec-
ification for UK model
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Figure 3.7: Log-Posterior and log-likelihood density Plots for Capital-Skill Complementarity Pro-
duction Function specification for UK model
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Figure 3.8: Log-Posterior and log-likelihood density Plots for Capital-Skill Complementarity Pro-
duction Function specification for UK model
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Figure 3.9: Multivariate Convergence Diagnostics Statistics for Capital-Skill Complementarity Pro-
duction Function specification for UK model
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3.22 Appendix 3.9: Estimated Business Cycle Moments
Table 3.11: Estimated Business Cycle Moments, UK Data
Correlation
Levels Std Output Productivity
Price of Capital
Investment
Skill Premium 9.3363 -0.4048*** -0.4371*** 0.3309***
Relative Hours Worked 9.9501 -0.6724*** -0.7550*** -0.2375***
Low Skilled Wages 18.1739 0.7730*** 0.7044*** 0.3814***
First Differenced
Skill Premium 5.0792 -0.3017*** -0.3646*** -0.1366*
Relative Hours Worked 4.8941 -0.4671*** -0.4557*** -0.1799**
Low Skilled Wages 7.6267 0.6675*** 0.6376*** 0.0866
Hodrick-Prescott Filter
Skill Premium 6.4974 -0.2659*** -0.3362*** -0.1935**
Relative Hours Worked 5.7853 -0.5657*** -0.5741*** -0.1083
Low Skilled Wages 9.5674 0.5938*** 0.5605*** 0.3340***
Baxter King Bandpass Filter
Skill Premium 6.2394 -0.3863*** -0.5141*** -0.1963**
Relative Hours Worked 5.2382 -0.5460*** -0.5938*** -0.1591*
Low Skilled Wages 8.6770 0.6470*** 0.6508*** 0.1862**
* denotes 10% significance, ** denotes 5% significance, *** denotes 1% significance.
The Hodrick-Prescott filter is calcualted with λ = 1600.
The Baxter King Bandpass Filter is calculated for frequencies between 2 and 32 quarters, with K = 12.
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3.23 Appendix 3.10: DSGE Impulse Response Func-
tions
Figure 3.10: Skilled-Augmenting Technical Change Impulse Response Functions
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Figure 3.11: Unskilled-Augmenting Technical Change Impulse Response Functions
225
Figure 3.12: Investment-Biased Technical Change Impulse Response Functions
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Figure 3.13: Capital-Augmenting Technical Change Impulse Response Functions
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Figure 3.14: Government Spending Shock Impulse Response Functions
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Figure 3.15: Education Spending Shock Impulse Response Functions
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3.24 Appendix 3.11: UK Shock Decompositions
Figure 3.16: UK Skill Premium Shock Decomposition
Figure 3.17: UK Relative Employment of Skilled Labour Shock Decomposition
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Figure 3.18: UK Relative Elasticity of Substitution Shock Decomposition
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3.25 Appendix 3.12: Tax Response Figures
Figure 3.19: Skill Premium less Taxes response to changes in Skilled Wage Taxes, Unskilled Wage
Tax, and Educational Subsidies
Figure 3.20: Total Earnings response to changes in Skilled Wage taxes, Unskilled Wage Tax, and
Educational subsidies
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3.26 Appendix 3.13: SVAR Impulse Response Func-
tions
Figure 3.21: SBT+UBT and SNT Impulse Response Functions
233
Figure 3.22: SBT, other Technology and Supply Shock Impulse Response Functions
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Figure 3.23: IBT and INT Impulse Response Functions
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3.27 Appendix 3.14: US Model Parameter Estimates
and Model Comparison Statistics
Table 3.12: US Model Parameter Estimates
Model Specifications
1.1 1.2 1.3 1.4 2.1 2.2 2.3 2.4 3.1 3.2 3.3 3.4
σy 4.87 0.18 0.18 3.42 4.87 0.26 0.43 2.30 4.87 0.34 0.35 4.87
ν 0.50 3.62 0.45 3.18 0.18 4.87 0.26 4.87 0.18 2.45 0.18 3.18
ρi 0.97 0.97 0.96 0.97 0.97 0.96 0.97 0.96 0.96 0.96 0.96 0.96
ρe 0.93 0.93 0.89 0.94 0.93 0.93 0.90 0.95 0.93 0.90 0.89 0.94
ρg 0.95 0.89 0.98 0.84 0.96 0.86 0.98 0.84 0.82 0.98 0.98 0.84
ρy 0.51 0.51 0.51 0.51 0.50 0.51 0.51 0.51 0.51 0.51 0.51 0.51
ρk 0.97 0.94 0.99 0.93 0.99 0.89 0.98 0.92 0.91 0.99 0.99 0.91
ρu 0.98 0.97 0.99 0.97 0.96 0.98 0.98 0.96 0.97 0.90 0.95 0.97
ρs 0.97 0.97 0.92 0.98 0.98 0.98 0.90 0.97 0.98 0.98 0.93 0.98
σzi 0.48 0.48 0.48 0.48 0.48 0.48 0.48 0.48 0.48 0.48 0.48 0.48
σze 3.94 3.93 4.06 3.92 3.93 3.92 4.03 3.90 3.93 4.03 4.06 3.90
σg 1.10 1.95 0.93 2.48 1.10 2.28 0.97 2.57 2.87 0.94 0.93 2.67
σzy 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
σzk 2.78 2.52 1.74 4.87 1.90 4.68 1.40 4.35 4.36 1.83 1.95 4.41
σzs 2.03 2.31 2.33 2.44 1.76 1.68 2.90 2.28 1.29 1.51 2.76 2.33
σzu 3.52 3.27 2.88 1.48 1.16 2.63 3.51 2.16 3.60 3.66 2.24 1.52
σh 3.05 3.05 3.05 3.05 3.05 3.05 3.05 3.05 3.05 3.05 3.05 3.05
Table 3.13: US Model Comparison
Log Marginal
Density
Posterior Model
Probability
Model
1.1 -1706.87 0
1.2 -1644.45 0
1.3 -1608.27 0
1.4 -1734.09 0
2.1 -1588.43 1
2.2 -1648.89 0
2.3 -1648.42 0
2.4 -1716.87 0
3.1 -1631.99 0
3.2 -1697.25 0
3.3 -1639.64 0
3.4 -1727.33 0
236
3.28 Appendix 3.15: US Posterior Distributions and
Convergence Statistics
Figure 3.24: Prior and Posterior Plots for Capital-Skill Complementarity Production Function
specification for US model
237
Figure 3.25: Prior and Posterior Plots for Capital-Skill Complementarity Production Function
specification for US model
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Figure 3.26: Log-Posterior and log-likelihood density Plots for Capital-Skill Complementarity Pro-
duction Function specification for US model
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Figure 3.27: Log-Posterior and log-likelihood density Plots for Capital-Skill Complementarity Pro-
duction Function specification for US model
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Figure 3.28: Multivariate Convergence Diagnostics Statistics for Capital-Skill Complementarity
Production Function specification for US model
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3.29 Appendix 3.16: US Shock Decompositions
Figure 3.29: US Skill Premium Shock Decomposition
Figure 3.30: US Relative Employment of Skilled Labour Shock Decomposition
242
Figure 3.31: US Relative Elasticity of Substitution Shock Decomposition
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Thesis Conclusion
This thesis set out to improve the modelling of the skill premium in macroeconomics by
introducing data to existing models and testing the assumptions common in the literature.
Chapter 1 outlines the data methodology used throughout the work and tests existing cri-
tiques of the Capital-Skill Complementarity Hypothesis made by Balleer and Van Rens
(2013). Chapter 2 takes this data to DSGE models of the skill premium to provide data
driven parameters and test the performance of the conventional model. Chapter 3 expands
on elements of both chapters, applying the data methodology to UK data and augmenting
the DSGE model to include additional mechanisms.
The findings of chapter 1 show that the skill premium responds positively to the SBT
and IBT shocks identified in the structural VAR. These findings differ from those found in
Balleer and Van Rens (2013) and cannot be used to reject the Capital-Skill Complementarity
Hypothesis, which is widely used in the literature and integral to the model proposed by
Krusell et al. (2000) used in the following chapters. The sub-sample analysis shows how the
characteristics of the data changes across the period considered, suggesting that structural
changes could be affecting data early in the sample. Having established a method for testing
the Capital-Skill Complementarity Hypothesis in data, chapter 1 provides the foundation for
the data methodology used in future chapters to take the models to the data and evaluate
their performance.
Chapter 2 applies the data methodology to estimate a DSGE model including the skill
premium as outlined in Krusell et al. (2000) and Lindquist (2004). The chapter looks to
evaluate the model parameterisation and test whether alternative forms are better able to
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match US data. The results find that the calibrations typically used in the literature are
more conservative than those favoured by the data, which supports the more extreme values
seen in the literature. This gives stronger complementarity and substitutability characteris-
tics in the model. Simulations presented in chapter 2 show the response of the skill premium
to Skilled-Augmenting Technical Change and Investment-Biased Technical Change shocks
to be negative on impact, as opposed to the results seen in chapter 1. This suggests that
the proposed identification method used in the structural VAR literature may not be valid
at business cycle frequencies.
The chapter concludes by testing generalised forms of the 3-input Krusell et al. (2000)
production function, finding that the best performing specification in data uses unskilled
labour and capital in the nested function and has all inputs as complements. These find-
ings agree with recent research that finds inputs are stronger complements in the short run.
Furthermore, the results also support the Capital-Skill Complementarity Hypothesis. This
suggests that the theoretical basis of the production function set forth in Krusell et al. (2000)
is supported in data, but the model performance is improved by changes in the ordering of
inputs. The analysis shows the best specification restricts the elasticity of substitution be-
tween skilled labour and unskilled labour to be equal to the elasticity of substitutability
between skilled labour and capital, and that all inputs should be complements. The analysis
conducted in chapter 2 establishes how data can be used to inform and improve the basic
skill premium model, contrasting estimate results to the conventions of the literature and
highlighting the role of model mechanisms in replicating data.
Finally, chapter 3 expands on both the model and data used previously in the thesis. This
looks to test the model capabilities in new data, whether theoretical assumptions underpin-
ning the mechanisms are valid outside US data, and the impact of recent introductions of
household education spending and fiscal policy to the basic model. A key finding of the chap-
ter is that the Capital-Skill Complementarity Hypothesis is not supported in UK data, which
demonstrates a declining skill premium across the period analysed. This result demonstrates
how the elasticity of substitution parameters may differ across economies and therefore that
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the assumptions of the original literature cannot be applied ubiquitously. Specifically, mod-
els of the UK economy should use calibrations derived from the results produced in this
work rather than relying on calibrations of existing literature based in the US. Future works
regarding other economies should therefore utilise the methods described in this thesis when
considering the model parameterisation.
Chapter 3 also set out to assess the importance of recent developments in the skill pre-
mium model. The results demonstrate the introduction of household education spending is
key to explaining movement of the skill premium, as the shock to education cost is identified
as a key shock driving the skill premium movement. The chapter concludes using simulation
evidence to show the impact of fiscal policy changes on welfare and inequality. While welfare
is decreasing in increase in both taxes and subsidies, inequality is reduced for decreases in
unskilled wage taxes and increased education subsidies. However, the effect of changes in
skilled wage taxes is dependent on the initial level, with some increases leading to increased
inequality.
The findings presented in this thesis should be applied to skill premium models going
forward, using data derived values and specifications to improve model performance and
the application of simulations in informing policy. The methodology presented outlines the
approach that should be used in testing further assumptions made in the skill premium
literature, moving beyond the historic calibrations used to data backed values that better
reflect the economies in question.
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